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Due to the high investment costs for deep-water subsea production systems of 

high-value subsea fields, it is crucial to ensure a high availability to recover 

the investment. The problem is compounded by the cost of recovery, repair 

and replacement of failed equipment. Testing and reliability analyses are two 

pillars of reliability assurance; neither of them on their own assures the 

delivery of a reliable system. Possibly with more imaginative use of reliability 

methods, it is possible to optimise testing. It is suggested to use reliability 

analysis as a guide for allocating resources for testing. This paper outlines a 

Systems Engineering Framework to link the Client’s requirements for 

equipment reliability, as a means of proving the desired level of performance. 

This framework allows a better understanding of verification settings and 

strategies to handle constraints (e.g. costs, expandability, repair-ability, 

maintainability, intervention procedures, downtime, automation etc.) and 

performance measures, to achieve highly reliable production systems.  The 

bilateral links between the Client’s requirements and subsea equipment 

performance are established using the systems engineering V-model. These 

links relate equipment performance to one or more of the Client’s 

requirements, which helps establish verification and validation testing 

strategies to enhance reliability and reduce project risk. The proposed 

procedure also assists risk management efforts by feeding the results of 

reliability analyses, testing and project risk analysis into validation processes, 

the systems engineering measurement process ensures enhanced reliability. 

We define reliability assurance as a part of the systems engineering processes 

to ensure the continued function and resilience of the production system from 

the downhole valve to the subsea equipment, housed on the topside or at an 

onshore terminal, in their operating environment and condition using the “Fit-

For-Service” notion.  

Keywords: 

Subsea Production system 

Reliability Assurance 

Systems Engineering Framework 

Verification, Validation & Testing 

Qualification & Certification  

1. Introduction
High-value subsea production systems rely on high

reliability and high availability to avoid loss of

revenue since access and downtime are costly. The

industry needs a comprehensive and integrative

framework to assess and address ways and means of

achieving high availability.

The Client sets the required reliability, which is then

used to allocate the reliability for each piece of

hardware/software.  With reliability requirements

specified, the primary task is to confirm “by

examination and provision of evidence that the

hardware (and software) meets the specified

requirements for the intended use” (DNV-RP-A203

[8]). When completely new technology is involved, 

available data is likely to be insufficient, which means 

that the confidence in the gathered evidence may not 

be high; thus, more testing may be necessary (Yasseri 

et al [41]). Reliability may also be reduced by a 

possible mismatch between specification, design, 

manufacture, installation, commissioning and use. 

This means that the predicted performance 

demonstrated through the qualification process may 

be different from the actual performance realized in 

the field. This may be due to emergent behaviour, 

unidentified failure modes, unanticipated operating 

conditions, unforeseen failure mechanisms and 

causes, epistemic uncertainties or aleatory 
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uncertainties (Pecht [30]). Unanticipated operating 

conditions are either due to incorrect/inadequate 

specifications or because of unforeseen changes in the 

actual well conditions. A scenario-based approach can 

help to minimise the effect of uncertainties.  The 

‘provision of evidence’ is done through functional 

failure analysis (Viola, et al [34]), and testing; 

supplemented by experience from proven 

technologies and physics-based analyses. 

The key to assuring system and equipment reliability 

is the insight gained during the specification writing 

and design activities, which are used to establish 

procedures to control the fabrication and 

manufacturing processes that will result in equipment 

with the desired quality attributes; specifically 

 Understand the sources of variation;

 Detect the presence and degree of variation;

 Understand the impact of variation on the process

and hence on the equipment attributes;

 Control the variation in a manner compatible with

reliability need of the equipment.

Reliability methods that focus on using historical data

to predict mechanical failures imply that design errors

have little impact, and assume that all anomalies will

be detected during design and fabrication. But design

errors offer a challenge to reliability predictions based

on historical data only (Feiler, et. al [13]) because it is

unrealistic to assume that what we build now is the

same as we built in the past. Verification and

validation testing are supposed to fill this gap.

However, there is a need for a more dependable

approach for qualifying a system, rather than "test it

until time and budgets are exhausted". Such an

approach should allow detecting problems in the

Development Phase of the life cycle to assure

operational quality attributes, such as performance,

timing, safety, reliability, and security. Such an

approach must identify defects before a system is

built, as well as deal with issues that are hard to test

unless the entire system is built. It is necessary to

ensure that unavoidable failures are addressed through

risk management, providing resilience to counter

undetected and emergent behaviour.

The reliability assurance framework which is outlined

in this paper utilises systems engineering processes

which are generally performed for the project; two of

the primary processes are:

 Requirement analysis at the system, subsystem and

components levels. Systems requirements are based

on the Client’s needs and the concept of operation

(ConOp)- see INCOSE [20].  System requirements

fall into two categories; Firstly, the required

capabilities under normal conditions, such as

functionality, behaviour, and performance. Secondly,

specifying how the system is expected to perform

under abnormal conditions, such as resilience and

survivability (robustness). Requirements are linked to

the concept of operation (ConOp) [20] and flowed

down into requirements for subsystems, assemblies 

and components (Hull et. al [17]). 

 System architecture. The subsea industry has

recognized that a high reliability starts with the system

architecture, i.e. arrangement and packing of

components. The architecture should allow access to

equipment to be retrieved by Remotely Operated

Vehicles (ROVs) with minimal effort and time.

Model-based analysis, simulations and analytical

approaches can be used to identify problematic areas.

The subsea Industry has embraced virtual system

integration to achieve validation through Computer

Aided Design (CAD) modelling. Analysis of

integrated systems and detailed models are used for

early discovery of likely problems (Youngblood and

Pace[41]).

2. Fitness for Purpose or Service
This paper uses the concept of Fitness-For-Purpose

(FFP), which is also referred to as Fit-For-Service

(FFS) in this paper. It can be said a system is badly

designed if it is not well suited for its intended

purpose, i.e. it is not fit for service. The phrase Fit-

For-Service is also used in fracture mechanics

literature in relation to the size of tolerable cracks. In

the paper, this phrase is used to mean for whatever

reason is not suitable for service.  If a component is

added to make the operation safer, but it does nothing,

then it is not Fit-For-Purpose. Thus, quality can be

defined in terms of Fitness-For-Purpose. This means

that the quality cannot be assessed as a measure of the

production system itself; quality can only be assessed

when considering the production system in the context

of what it must do. In other words, hardware on its

own cannot be said to be of ‘high quality’ or of ‘low

quality’, because the quality is an attribute of the

relationship between hardware and the purpose for

which it is used. The purpose of a system, and hence

the key quality measures, appear to be self-evident.

For example, it is hard to imagine a purpose for a

subsea control system that does not allow shut down

the system in an emergency as safely as practicable.

Most systems have multiple purposes, and those

purposes change over time. Thus, conditions under

which a system must work, and the intended purpose,

must be properly understood.

With a notion of “Fitness-For-Purpose”, one can

consider and challenge the comprehensiveness and

relevance of purposes to ensure improvements. FFP

equates quality with the fulfilment of a specification

or stated goal. It attempts to validate a product for its

intended use. The purpose may be that as determined

by the safety, reliability and quality requirements,

which are in turn based on the needs of customers.

Thus, FFP is fulfilling customers’ requirements,

which is one of the possible criteria for establishing

whether a unit meets quality, measured against what is

seen to be the goal of the unit. This definition

http://www.qualityresearchinternational.com/glossary/#outcomes
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subsumes value for money under fitness for purpose. 

However, affordability or cost-effectiveness criteria 

are not a necessary element of Fitness-For-Purpose.  

Fitness-For-Purpose has emerged as the fashionable 

way to harness the drive for perfection, i.e. zero 

defects. The ultimate measure of perfection, ‘zero 

defects’, may be excellent as a definition of quality 

but runs the fatal risk of being perfectly impractical. If 

the product does not fit its purpose, then its perfection 

is irrelevant. 

A major weakness of the FFP concept is that it may 

seem to imply that “anything goes” so long as a 

purpose can be formulated for it. This weakness is 

more likely to be exacerbated in a large organisation 

with a range of “purposes” to minimise CAPEX 

or/and OPEX, which are controlled by different 

business units. Such separation of decision makers 

will lead to complications in building installations in 

various jurisdictions with different regulations.  

Although straightforward in conception, “Fitness for 

Purpose” is deceptive, for it raises the issue of whose 

purpose and how fitness is assessed? Thus, this paper 

replaces “Fitness-For-Purpose”, with “Fitness-For-

Service”, since while FFP is unclear FFS is obvious. 

FFS is assessed for the entire lifecycle (ISO/IEC 

15288, 2008 [23]). In the literature on the 

acceptability of flaws in welded component FFS is 

used to mean the largest size of a crack a component 

can contain while can be used in service. The usage of 

FFS in this paper is much wide and include every type 

of flaw.  

Proving a system’s Fitness-For-Service requires 

gathering evidence. This involves the development of 

evidence in parallel with the system design throughout 

the Development Phase of the life cycle. Such 

evidence includes: requirements and design reviews, 

results from the predictive analysis, simulation results 

and test results to provide justified confidence in the 

built system. This approach documents claims about 

the system, assumptions made in the process, and 

evidence required to satisfy these claims. 

3. The State of Practice
Several codes of practice, as well guidance notes from

the classification society have been published in

recent years; e.g. API, 17N [3] & 17Q [4], DNV-RP-

A203 [8], Bureau VERITAS [7], ABS [2], and Lloyds

Register [25].  Figure 1 shows DNV-RP-A203 [8]

procedure.

Although, these standards and guidance notes

primarily address “New Technology”, the definition

of the new technology includes almost everything in a

new site, and even includes some sites with a previous

history. The term ‘Technology’ refers to equipment

that uses a physical law to perform a function. Both

equipment and its physics must be qualified.  Where

subsea equipment is the marinized version of topside

equipment, hardly any new physics is involved, then it

is the equipment only that requires qualification.

The primary method for proving the ‘claim’ that a

piece of equipment is qualified, is by gathering valid

evidence (Yasseri [40]) which proves the equipment

will function within specific limits and with an

acceptable level of confidence (Woody, et al [35]).

This is obtained by a combination of modelling,

simulation, physics-based analytical & numerical

methods, reliability methods (FMECA, RAM,

Reliability Block Diagrams, etc. see e.g. IAEA [14]),

risk assessments and tests. API codes (API RP 17N

[3], and 17Q [4]) follow a similar line with some

deviation (Figure 2).

Figure 1: DNV-RP-A203 [8] Technology Qualification Process (TQP). 
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Figure 2: API 17N [3] Technology qualification process 

API 17N [3] lists 12 Key Process (KPs) to provide a 

supportive environment for achieving reliability by 

managing an appropriate level of reliability 

throughout the lifecycle of a subsea field (Figure 3).  

The philosophy behind codified recommendations is 

technology may undergo a step change or gradually 

evolve to meet efficiency, reliability and safety needs. 

Materials or parts may be different in two pieces of 

equipment designed by the same manufactures even 

using the same physical laws. For example, even 

existing, proven technology may be required to 

operate in more challenging environments; beyond 

existing industry experience. When this happens, 

additional technical risks and performances may be 

uncertain. One way to manage these risks is through 

analysis, qualification and testing. 

The intent is to provide traceable evidence that 

systems are qualified through a detailed understanding 

of service demands, performance requirements and 

potential failure mechanisms. 

Figure 3: 12 Key Process (KPs) of API 17N and their 

relationship 
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According to API RP 17N [3], Reliability 

Qualification and Testing is a systematic technical 

risk assessment and risk management approach which 

includes: 

 Definition of technology requirements (includes

risk and reliability requirements);

 Identification of technology failure modes and

mechanisms;

 Assessment of failure criticality (risk

consequences), to determine relevant actions taken to

reduce risk and uncertainties;

 Testing to demonstrate functional performance;

 Technology Readiness Level (TRL) to indicate the

extent to which an item is “ready for use”, given

specified qualification factors/requirements;

 Use of test data to estimate reliability.

API RP 17N [3] is a high-level philosophy, while

DNV RP A203 [8] is a detailed guidance. The primary

focuses of these codes API RP 17N are:

 Focusing on reliability activities such as Reliability

Qualification and Testing (KP8);

 Considering operational reliability failures.

Note: Reliability engineering doesn’t consider 

reputation/commercial, safety, and environmental 

risks. 

DNV-RP-A203 [8] defines qualification as 

“confirmation by examination and provision of 

evidence that the new technology meets the specified 

requirements for the intended use.” The primary 

focuses of DNV-RP- A203 [8] are: 

 Reliability - this is one of the targets along with

performance, safety, environment and other project

specific requirements included in the Qualification

Basis document;

 Consideration of all types of failures;

 Flexibility to include project specific requirements

such as high pressure and high-temperature readiness.

 The embed intention of all codes (Hother and Hebert, 

[16]) are: 

• Risk reduction to increase the probability of

success;

• Ensuring that the product is “Fit-For-Purpose”

before insertion into the system;

• The early part of qualification (FAT and

EFAT) are performed by the producer and witnessed

by the Client or a third party.  SAT and SIT are

performed by specialist Contractors appointed by the

Client;

• System tests and acceptance tests are

performed by the Primary Design Contractor in

collaboration with the Client’s Operations Team.

• A vendor, who offers a new equipment, is

required to provide a proof of fitness for purpose.

According to this definition, qualification means 

verification& validation.  

Systems engineering qualifications (known as 

verifications and validation (V&V)) are performed by 

a combination of analytical and numerical methods 

and testing. At the design stage, mostly analytical 

methods (FE and CFD) are used, after manufacturing 

a plethora of tests are used. 

The list of methodologies to collect evidence for the 

reliability assurance is long, and there is some overlap 

between them. Any procedure is chosen, as well the 

extent of details is on the ‘need’ basis and they are 

situation dependent. The list includes activities which 

are part of the design and are naturally indispensable. 

The hypothesis is that the design methods, however 

exhaustive they are, cannot tease out all probable 

causes of failure beyond a reasonable probability.   

Rational choices are required to avoid activities 

yielding little value. However, at least two different 

approaches are needed to trap a fault. Any single 

procedure may be necessary but not sufficient on its 

own. Analyses and simulation may be used to reduce 

the number of tests that would be needed to assure the 

desired system dependability. They can also replace 

testing when testing would be impossible or 

expensive.  

4. Systems Engineering V-Model

Systems Engineering (SE) is the art and science of

developing an operable system capable of meeting the

Client’s requirements within opposing constraints. SE

is a holistic, integrative discipline, wherein the

contributions of the Subsea Engineers, Structural

Engineers, Electrical Engineers, Mechanical

Designers, Power Engineers, Control Engineers, and

many more disciplines are evaluated and balanced, to

produce a coherent design that is not dominated by the

perspective of a single discipline.  (see e.g. NASA

Systems engineering Handbook [28],). An alternative

definition is: Systems Engineering is an iterative

process of top-down synthesis, development, and

operation of a real-world system that satisfies, in a

near optimal manner, the full range of requirements

for a system. (INCOSE Systems Engineering

Handbook [20])
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Figure 4: SE V-model for product development 

The V-model is one of several models used in SE to 

visualise the process of a project development. The V- 
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produced during development (Figure 4). The left tail 
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Figure 5: Loops of the development process. See also Figure 6 
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development of highly complex systems, the 

independent, concurrent development of subsystems is 

a great way to accelerate the project pace and supports 

a better involvement of vendors.  

Another benefit of the V-model is that it breaks down 

system definition and V&V into three separate stages 

(Figure 5). These three main stages, shown in the right 

tail of the V in Figure 4, form three iteration loops in 

the development of the system with increasing scope 

and complexity (Figure 5). The first design loop is at 

the component or subsystem level. In case of a 

modular design, the subsystem verification can be 

performed in parallel, independently of each other. 

That is the three phases of component design, 

fabrication, and verification in the bottom of the V 

consist of numerous parallel Vs, as many as 

subsystems that are built into the system. 

The second loop of system design involves system-

level design verification. In this loop, the integrated 

design is verified against the system specifications 

delivered in the second Lifecycle Phase in the left tail 

of the V. Unambiguous and robust subsystem and 

interface specifications, and a thorough subsystem-

level verification facilitates the system-level 

verification. The third and last design iteration loop in 

the V-model is the system validation loop, also called 

system qualification. The outcome of this usually 

requires a very long, expensive, and comprehensive 

test procedures that have the objective to prove the 

developed system satisfies the customer’s needs, as 

well as industry standards and government 

regulations.  

5. Requirement Analysis

Quality only has a meaning in relation to the purpose

of the product or service. If something does the job for

which it is designed (FFS), then it is a quality product

or service.

A subsea project starts when the business case is made

during the Appraisal Phase (Yasseri [38]). Technical,

economic, and political feasibility is assessed; benefits

and costs are estimated, and key risks are identified.

In the next phase, known as the Select Phase,

alternative concepts which meet the project’s purposes

and needs are explored, and the best concept is

selected and justified using trade-off studies. The

project stakeholders reach a shared understanding of

the system to be developed and how it will be

operated and maintained. The Concept of Operation

(ConOps) is documented to provide a foundation for

the more detailed analyses that will follow. This will

be the basis for the system requirements that are

developed in the next step.

Figure 6 shows three loops of a product development

with more details. The first loop is the requirements

that express the purpose of a system.  How well a

system fulfils its purpose, or how well it suits its

purpose, indicating how good a system is if it is

designed in a specific way.

Requirements analysis provides a framework for

understanding the purpose of a system and the

contexts in which it will be used. It bridges the gap

between, an initial vague recognition that there is a

need to which subsea engineering can be applied, and

the task of building a system to address such a need

(Figure 7).

Figure 6: Three loops to reach the implementation stage (adapted from NASA’s Handbook [28]). See also Figure 5. 
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Figure 7: The expanded requirement loop (Figure 5) of Systems engineering process as applied to the subsea development 

In seeking to describe the purpose of a system, one 

needs to look beyond the system itself, and into the 

activities that it will support. For example, the purpose 

of a banking system is not to be found in the 

technology used to build it, but in its day-to-day 

business activities in fulfilling the needs of its 

customers. Thus, requirements are a set of activities 

concerned with identifying and communicating the 

purpose of a system and the contexts in which it will 

be used. Requirements act as a bridge between the 

real-world needs of the Client, and the capabilities and 

opportunities afforded by technologies. 

Requirements engineering is the disciplined and 

systematic approach to elicit, specify, analyse, 

commit, validate, and manage requirements while 

considering user, technical, economic, and business-

oriented needs and objectives. It spans the entire 

lifecycle, often involving distributed teams and supply 

chains. Understanding the requirements and making 

sure they are complete and stable are two important 

aspects of the SE processes, as the rest of the activities 

are derived from these requirements. 

Requirements engineering offers three general 

principles that are useful in dealing with the complex 

problems: 

 Abstraction: i.e. ignoring the details so that one can

see the big picture. The system logical architecture is

an abstraction of the system functionality;

 Decomposition: i.e. breaking down a system into

parts, so that one can study them independently from

each other, and by the different Specialist Engineers.

Decomposition in subsea engineering is performed

along the line of vendors’ specialisation. Such

decompositions are never perfect, because of the

coupling between the parts, but it offers insights into

how things work as well as identifies competent

design and manufacturing;

 Projection: i.e. adopting a view or perspective

of how the system works, and describing only the

aspects that are relevant to that perspective. Unlike

decomposition, the perspectives are not intended to be

independent in any way (Figure 8).

Figure 8: An example of a functional architecture. Physical 

elements are also sown on the diagram. 

Requirement analysts use them to understand what is 

needed and to identify parts that satisfy the needs of a 

system. Use of decomposition, abstraction and 

projection make problems simpler, by mapping 

existing solutions to problems (or needs). For 

example, one may look for decompositions in which 

some of the parts are familiar. In the ideal case, this 

leads to sub-problems that are sufficiently well known 

that they have standard solutions. However, one may 

still have substantial work to do in adapting these 

known solutions to the new problem context. 

A single requirement may have consequences in many 

parts of a design, program, and data, and may need 
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many test cases to verify (Federal Aviation 

Administration, [12]). How a system should interact 

with its users is also a requirement.  There are two 

types of requirements: 

 Functional requirements, which specify what the

system should do, i.e., the services the system should

provide, and the way it should be provided.

 Non-functional requirements, which specify

constraints on how the system should operate and the

standards for its operation. Non-functional

requirements deal with the characteristics (attributes)

of the system that cannot be expressed as functions -

such as reliability maintainability, availability of the

system, etc.

Non-functional requirements may include:

 Adaptability (expansion);

 Transportability, lift-ability, constructability etc;

 Control-ability such as fast shut down and startup;

 Human-computer interface issues;

 Constraints on the system implementation, etc.

Requirements for a subsystem or a part of the system,

do not stem from the technical requirements alone but

are only one aspect, of the overall requirement (Figure

9)

A graphical representation of the Requirements

Analysis Process as contained in (ISO/IEC 26702 [24]

and IEEE 1220‐2005 [19]) is shown in Figure 10. The

process is quite complex hence requires tailoring to

the problem at hand.

Figure 9:  Systems context diagram 

6. Requirements Traceability
Requirements traceability will ensure that all higher-

level requirements are linked to the lower level

requirements, and will be maintained throughout the

system development. They are traceable from

requirement specifications, through design documents,

interface control documents (including operator

interface documents) and down to acceptance test

procedures. It is important to establish the link

between requirements, supporting design data and

information within the design documents, as by

providing the original context in which a requirement

was selected, any future reconsideration of the

requirement can determine if the original constraints

are still valid Königs, et al [26]).

Figure 10: Requirements analysis process of ISO/IEC 26702 
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Ideally, each requirement from the highest to the 

lowest level of the project must link to a parent 

requirement. Requirements without parents will either 

represent a nice to have or a missing requirement at 

the higher level. If it is the former, the existence of the 

requirement must be carefully considered again. In the 

event of the latter, the requirement needs to be rolled 

back up to ensure completeness of the requirements at 

the higher level. A simple trace matrix can be used to 

simplify and provide a clearer arrangement of the 

comparison between the user requirements and the 

technical specifications. 

The traceability characteristic means consistent 

referencing between user requirements, specifications 

and test cases. This makes it possible to trace cross-

references between the specified elements 

(traceability). To this end, the Client’s requirements 

should be identified with a unique designation, such 

that referencing is possible.  

For each Client Requirement (CR), there must be at 

least one technical requirement. For each technical 

requirement (technical specification) there must be at 

least one specification. The project manager can use 

the trace matrix in the design qualification to show 

clearly that all user requirements have been 

considered. In addition, it can be used to check the 

completeness of the technical specifications and that 

the technical implementation corresponds to the 

requirements. Finally, the trace matrix can be used in 

the test plan compilation to prove that all user 

requirements have been tested. 

7. Reliability Assessment
Figure 11 shows a subsea project lifecycle. Every

Client may have its own lifecycle model, but, they are

like what is shown at the top of Figure 11.

A few concepts are developed during the Select Phase

and the Conceptual Design. Conceptual Design is an

abstract view of the system that shows the only

function of all components that make up the system,

as well as their inter-relationships. Such diagrams are

known as the Functional or the Logical Architecture.

One of all the possible Logical Architectures is then

selected to be taken forward for the Detail Design

Phase. Such choice is based on several criteria,

including the lifecycle costs, hence reliability is a

major contributor. Modern equipment packages are

quite reliable. However, how they are arranged and

bundled together will affect the system reliability, as it

can affect the Mean Time to Repair (MTTR). Thus, a

choice of the architecture based on reliability at the

architectural level is the most sensible one.

The Logical Architecture can be improved by

performing Reliability and Availability and

Maintainability (RAM) analyses, such are MTBF,

MTTR and the Reliability Block Diagram (RBD), etc.

These methods help to choose the most promising

architecture. Generic data (e.g. OREDA [29]) is used

to determine the level of availability and how the

target availability can be achieved. In the later phase,

the generic data is supplemented with the vendor data,

and possibly Client database of failures. The Failure

Modes, Effects, and Criticality Analysis (FMECA) is

Figure 11: A life cycle model superimposed on the V-model 
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criticality, rank and suggest corrective and mitigative 

commonly used to capture all conceivable failure 

modes and their effects. Usually, FMECA is carried 

out in the Define Phase and revisited in the Execution 

Phase (detailed design) of a system, when the physical 

architecture of the system has taken shape. The 

objective of an FMECA is to reveal weaknesses and 

potential failures at an early stage, and based on their 

modifications to the design. The level of detail and the 

focus of analysis depends on when the FMECA is 

carried out. RAM analysis of a system at the early 

stage of a development can be challenging, especially 

when system components are not clearly defined. 

Nonetheless, at early stages of system development, 

RAM analysis can be used to verify system adherence 

to target availability requirements.  One important 

step prior to performing a RAM analysis is the need to 

create a Systems Description Document, which 

identifies the functions of all the sub-entities of the 

system and highlights the interfaces between them. In 

addition, this document also captures the anticipated 

performance metrics of the system’s entities, which 

are critical inputs for RAM analysis at the conceptual 

stage of development.  

A core activity of reliability assurance is identifying 

all ways in which the system can fail to perform. This 

is the case when one or more required functions are 

disabled (e.g. exceeding the acceptable limits). When 

this happens, it is called a failure; the resulting state is 

termed a fault. A fault can be termed as a failure 

mode. Each function may have several failure modes, 

and each failure mode may have several different 

causes, mechanisms and effects (Rausand and 

Høyland [32]) The failure mode of a component will 

act as a failure cause of the subsystem, whose 

resulting failure mode then causes failure of the next 

level and so on. 

In the Define Phase, when no or very few hardware 

solutions are known, a functional FMECA is done by 

identifying potential failures for each function 

according to the hierarchy established in the function 

tree. In the physical design phase, an FMECA for 

interfaces is used to verify compliance with the 

requirements across the interfaces between 

components and subsystems. In the Define Phase, by 

selecting vendors, the logical architecture is gradually 

converted into the physical architecture of the system. 

At this phase, the specification for hardware and even 

the candidate vendors are identified and possibly 

invited to tender. Towards the end of this phase, 

vendors are selected, and contracts are awarded. The 

Define Phase is the best time to start reliability 

analysis of packages.  

When hardware and software solutions are decided for 

the various functions in the Detailed Design 

(execution) Phase, a System Breakdown Structure 

showing the hierarchy of components and subsystems 

is constructed, this is like the Function Trees as shown 

in Figure 12. With the breakdown structure as input, a 

detailed FMECA identifies system failures by starting 

with the failure modes at the lowest level and then 

proceeding upwards in the hierarchy until the system 

level is reached.  

The FMECA is done by answering a set of questions 

(Rausand and Høyland [32]):  

1. How can each part conceivably fail?

2. What mechanisms might produce these modes of

failure?

3. What could the effects be if the failures did occur?

4. Is the failure in the safe or unsafe direction?

5. How is the failure detected?

6. What provisions are provided in the design to

compensate for the failure?

Figure 12: Failure process flow (adapted from IEEE [19]) 
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Figure 13: Components of reliability analysis. 
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RAM analysis provides a way to verify and validate 

the current system at each TRL level against 

established operational requirements of the customer. 

Because simulations represent the ideal future state of 

the system, it must be understood that the 

complexities of manufacturing and subsystem 

integration reduce the availability of the system when 

deployed. Therefore, to accommodate for the impact 

of manufacturing on system availability, RAM 

analysis is used to improve system design beyond the 

operational availability requirement of the Client, 

while ensuring that manufacturing, transportation and 

installation limitations are addressed during the early 

stages of system development. 

The critical part of a technology is a part (or element) 

which is new, novel, and the system being developed 

or acquired depends on it to meet its performance 

requirements within defined cost and schedule. Given 

that a TRL determination is, in most cases, based on 

demonstrated performance, the critical technology 

must be defined at a level that is testable as well. 

Some authors also state that technologies may be 

critical from a manufacturing process or material, 

measurement, or infrastructure perspective, including 

whether an organization has a workforce with the 

necessary skills, knowledge, and experience. For 

example, some organizations will not consider a 

technology critical if it is having been determined to 

be mature, has already been used in the field, or does 

not currently pose a risk to the development. 

However, when these technology elements are being 

reapplied to a different program or operational 

environment, particularly when being used in a novel 

way, then the definition of criticality applies to them. 

All critical technologies must be identified to achieve 

a comprehensive evaluation of technological risk.  

While the process to collect evidence for identifying 

critical technologies can be straightforward, the 

determination of what constitutes a critical technology 

is highly subjective, requiring knowledge, experience, 

and due professional care. Judgements are needed to 

decide what technology (e.g., hardware, software) is 

critical, what makes a technology critical, and at what 

level (e.g., component, subsystem, assembly and 

system) it is appropriate to test, demonstrate, and 

validate key functions of that technology or the 

system.  

Although reliability and safety are different issues, 

tools used in risk reduction are also used to identify 

the reliability enhancement. HAZOP and HAZID 

were originally developed for analysing safety; 

however, they can also be applied to reliability 

analysis. HAZOP and HAZID studies are systematic 

methods for examining complex facilities or processes 

to find actual, or potentially, hazardous procedures 

and operations so that they may be eliminated or 

mitigated. 

8. Verification, Validation and Qualification

Components are tested at the factory and delivered

ready for integration to produce higher-level

assemblies or subsystems. These assemblies are also

individually verified before being integrated with

others to produce yet larger assemblies (for ease of

installation) until the complete system has been

integrated and verified. The system is installed in the

operational environment and transferred from the

project development team to the Client team. The

transfer also includes supporting equipment, sparing

policy, documentation, operator training, and other

enabling products that support on-going system

operation and maintenance. Acceptance tests are

conducted to confirm that the system performs as the

Client required in the operational environment. A

transition period and warranty see the transition to a

full system operation. The above processes are known

as “Verification” and “Validation”, which is primarily

performed through testing at various stages.

Verification and validation (V&V) are the methods

that are used for confirming that a product, service, or

system meets its respective specifications and is Fit-

For-Service in general terms, verification is a quality

control process that is used to evaluate whether a

product, service, or system complies with regulations,

specifications or conditions imposed at the start of the

Development Phase (Babuska and Oden [5]).

Validation, on the other hand, is a quality assurance

process of establishing evidence that provides a high

degree of assurance that a product, service, or system

fulfils the Client’s requirements (Plant and Gamble,

[31]). Verification and validation have been defined in

various ways that do not necessarily comply with

standard definitions. For instance, journal articles and

textbooks use the terms ‘‘verification’’ and

‘‘validation’’ interchangeably (e.g. Jagdev et al [14],

or Dzida, Freitag [10]), or in some cases there is

reference to ‘‘Verification, Validation, and Testing

(VV&T)’’ as if it were a single concept (Engel [11])

with no discernible distinction among the three terms

(Allen et al [1]). The definitions which are given by

ISO 9000 [21] originate from the general field of

quality and focus on the provision of ‘‘objective

evidence’’ that specified requirements have been

fulfilled. The verification process according to ISO is

broadly defined, and validation is focused on

demonstrating an intended use or application of a

system.

A possible structure for V&V program is shown in

Figure 15, which starts with reliability analyses and

ends in verification and validation by testing,

numerical analyses and simulation; or prototyping.

The agreed Client’s needs are used to define the

requirements, which must be validated to assure if

they are achievable, relevant and complete.
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Figure 15: A possible verification and validation flow chart 

Tools are qualified whereas processes that use the 

tools are validated.  In this definition qualification is a 

subset of validation.  Fasteners (nuts & bolts) and 

welding are used to join parts of a system; thus, they 

are just tools to connect pieces together, but one must 

also answer if they are Fit-For-Service.  In this case: 

 One should qualify nuts & bolts or welding

material and procedures as a tool for building a

system.  Perform basic verifications to ensure they are

Fit-For-Service;

 One should validate nuts & bolts or welding

in assembled equipment for their ability to reliably

enable an equipment to deliver the functionality

expected of them, presenting evidence from the

fasteners qualification tests...

Fasteners are used as an example of a building block.

The entire equipment may also be considered as a

building block. Such equipment is then qualified using

appropriate tests and/or analysis, but a system that

uses this equipment needs validation.  Thus,

qualification tends to be smaller in scope than

validation and less dynamic (i.e. qualified for a

purpose at a point in time). Thus, according to this

definition, qualification is a subset of much greater

validation initiative.

Another term often used by some industries is

certification.  Sometimes certification is used to mean

that the performance of the finished product is

witnessed by a third party during a specific test, and

that party has awarded a certificate of performance;

generally, in compliance with a standard. This usage 

of the term generally refers to mass-produced items, 

or items produced based on a specification, when 

required.  The current certification practice is 

“standards-based”, which requires that the prescribed 

certification process of a standard is followed, 

depending on the application. For example, IEC 

61508[15] is used in industrial applications, ISO 

26262 [22] is for the automotive area, whereas DO-

178B/C [9] refers to software for airborne systems.  

In the pharmaceutical industry, Validation is used to 

mean a systematic approach to collecting and 

analysing sufficient data to give reasonable assurance 

and documented evidence that a process or an 

analytical method will, when operated within 

specified parameters, produce consistent results 

(mostly drugs) within predetermined specifications 

(WHO [36]). When this approach is related to a 

machine or a piece of equipment, rather than the entire 

system, then it is referred to as Qualification. 

Qualification is part of, but not limited to, a validation 

process, which in turn is divided into Installation 

Qualification (IQ), Operation Qualification (OQ), and 

Performance Qualification (PQ). In performing these 

activities, many documents describing plans and 

approaches to analysis are generated. These include 

Validation Master Plan, Qualification Master Plan, 

Risk Analysis, Validation Protocol, Test Protocol 

(including specification), Validation Report, and 
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finally a Summary of Deviations/Issues (Melero et al 

[27], and Todde et al. [33]). 

Both the pharmaceutical and subsea industries use the 

term commissioning to mean a methodical and 

documented process to ensure that as built facilities, 

systems, and equipment meet design codes and the 

Client’s requirements. It applies to all aspects of a 

facility, equipment, and services. The commissioning 

process verifies that what was specified, has been 

installed; that it functions properly; and that it was 

successfully witnessed by the Client’s Operations 

Team. It is the last system testing before hand over. 

Commissioning is a managed and planned process of 

bringing a facility or equipment from its installed or 

constructed state into service. The key activities are 

similar regardless of whether commissioning is 

applied to the entire facility or a simple piece of 

equipment.  The pharmaceutical industry makes a 

distinction between commissioning and qualification, 

where the former is concerned with good engineering 

practice, and the latter primarily verifies the facility 

and systems aspects that can affect product quality. In 

the subsea industry, the systems do not affect the 

quality of the product.  

Adding to the confusion caused by these terms, with 

similar and overlapping meanings, different 

organizations mix these terms and definitions 

further.   

9. Verification and Validation Strategy
The V&V strategy consists of a set of actions, each

one of which is a kind of trial, test or inspection.

There may be several actions defined against each

requirement.

Each action should consider the following aspects:

• The kind of action that would be appropriate for the

requirement;

• The stage at which each action could take place – the

earlier the better;

• Any special equipment that would be needed for the

action;

• What would constitute a successful outcome.

Qualification and V & V are sometimes used to mean

the same thing in the literature, for example, IEC

60300-3-15 (2009) consider the qualification process

to embrace both verification and validation.  In his

paper qualification and verification are used

interchangeably.

Figure 11 shows the V&V strategy along with a time-

line above the V-model. The early V&V process

relates to the left-hand side of the V-model and later

ones to the test stages on the right-hand side. A single

requirement will typically give rise to a multitude of

verification activities at various stages of the

development. Where a requirement is satisfied

through useful emergent properties, qualification of

components alone is insufficient; tests must be carried

out at the level where emergent properties manifest 

themselves. 

The V&V actions should be commensurate with the 

level of requirements in the hierarchy. For example, 

Client requirements give rise to commissioning trials, 

whereas system requirements give rise to system tests, 

that is, prior to hand over to the Client. It is not 

necessary to define system tests against Client 

requirements since systems requirements are derived 

from the Client’s requirement. 

This paper sees the test as a tool (while V&V are 

Processes) to provide evidence alongside other tools 

such as simulation and analyses using suitable models, 

codes compliance checks, inspection and reviews. 

These tools must be qualified to ensure they deliver 

what is demanded of them.  

Purely test-based V&V or purely analytical-based 

V&V can lead to some faults remaining undetected. A 

balanced use of both has the greatest chance of 

reducing the cost and enhancing the confidence. 

From a V&V perspective, the assurance evidence is 

collected throughout the development lifecycle in the 

form of formal analysis of the architecture and design. 

Testing is used to fill the gaps as analytical models 

cannot detect fabrication errors, or visual inspections 

cannot be used to accept defects. 

Typical steps in the verification and validation process 

are as follows:  

Step 1. Identify Test Needs. Requirements and 

specifications are used to determine what tests must 

be carried out. This step also serves to establish how 

the requirements will be validated. For manufacturers 

of electro-mechanical products, given their multiple 

functional domains, this step will serve to identify 

testing required for mechanical, electrical, and 

embedded software, as well as for the combined 

system.  

Step 2. Secure Test Facilities and Resources. This 

entails securing the facilities for building physical 

prototypes, and then executing tests and/or assigning 

resources to develop models and run simulations  

Step 3. Prepare Test Cases and Test Configuration. 

Design requirements are translated into a set of test 

cases with procedures and constraints that can be 

digitally and/or physically measured. Additionally, 

new test configurations (which may be mechanical, 

electrical, and/or software-based) are developed 

considering the current design (e.g. modifications to 

geometry, materials, and substituted components). 

Then, the fixtures and rigs are designed to support 

testing.  

Step 4. Setup and Execute Test. This step calls for the 

setup and execution of the digital simulation models 

or the physical tests across all functional domains.  

Step 5. Document and Deliver Results. Lastly, results 

of the physical and/or digital tests are documented in 

reports, demonstrating that requirements and 

specifications have been met. The correlation between 
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simulation and physical tests is documented. Results 

are then delivered to the submitter to identify 

passed/failed requirements and recommendations for 

failures that were encountered.  

10. Evidence Gathering
Two sub-processes are used to derive the V&V

strategy, i.e. acceptance criteria and quality strategy.

The answer to the question ‘what will convince the

Client that all requirements have been satisfied?’, can

often lead to a clearer and more focused formulation

of requirements. This question can be answered in two

ways:

• The Client may define an operational situation in

which the requirement can be demonstrated, and/or,

• The Client may define a numerical value for a level

of achievement that must be demonstrated.

The first type of answer feeds directly into the process

of creating a set of tests, trials or demonstrations that

must be part of the V&V strategy. The second type of

answer indicates the ‘pass mark’ for a trial test or

demonstration, i.e. it indicates the acceptance criterion

for the requirement. Acceptance criteria define, for

each requirement, what would be a successful

outcome from the qualification approach adopted.

For one-off systems such as SPS, it is necessary to

make sure that all the functionality has been properly

provided and that the production personnel are happy

that the system can be used easily and quickly on

demand. This will require a mixture of tests and trials.

First, the capability of the system under test loading

must be demonstrated. If this capability is not

acceptable, then there is no point in progressing to

tests that involve much more investment such as live

trials at full capacity.

The Client’s needs are used to set the initial

requirements and are frequently referred to as part of

the validation activity. Initial model validation is done

to ensure that the models, analysis and simulations 

can be used safely to support requirements validation. 

In addition to performance analysis, modelling and 

simulation, requirements validation can include risk 

analysis, such as Fault Tree Analyses and 

Probabilistic Risk Analyses, to ensure the design will 

be robust against failures or system upsets (IAEA-

TECDOC-1264 [15]).  

Flow assurance analyses are performed to study the 

limits of operation as well as for production planning.  

This helps with studying the sensitivity of the 

operational needs to changes in key reservoir 

parameters. Monte Carlo simulation is another useful 

tool for assessing the robustness of a system in terms 

of its overall performance; especially during a system 

upset. 

11. Discussion
The key concepts to establish linkages between

requirements and testing for Validation & Verification

are shown in Figure 16. At each level of the system

decomposition, requirements are flowed-down and

suitable test plans are devised for verifying that the

system will satisfy requirements. To make sure all

requirements are properly implemented, it must be

possible to trace each requirement to a component and

vice versa.   Requirements traceability is the ability to

link every requirement to three related items:

 The Client’s needs (the starting point) that it

fulfils;

 The system elements implemented to satisfy

it;

 The test case that verifies it.

The end-to-end traceability links enable us to evaluate 

exactly what is impacted by the latest requirement 

change, or an alternative design choice before the 

change is implemented. 

Figure 16: Linking V&V to the Client’s requirements 
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FAT (Factory Acceptance Tests) and EFAT 

(Extended Factory Acceptance Tests) performed on 

components are documented to use in a traceability 

matrix. This ties the tests back to the specific 

requirements they verify and ensures that no 

requirement is left untested. Hardware and software 

components, which are already verified by tests, are 

then integrated into modules or subsystems and tested. 

The goal at this stage of testing is to ensure that all the 

interfaces between components and assemblies are 

satisfactory and that all subsystem requirements and 

constraints have been considered. An integration plan 

is devised that defines the order in which lower-level 

components and subassemblies are integrated. At each 

integration step, the functionality of the sub-

assemblies against the appropriate set of requirements 

is verified using the Subsystem Verification Plan 

devised during the Design Phase. Tests performed to 

verify requirements at the component level are 

important since many requirements are cascaded 

through multiple levels of system decomposition. 

The goal of system acceptance testing is to validate 

that the system fulfils its intended purpose. During the 

Conceptual Phase, key Client needs, overall system 

capabilities, usage scenarios (CONOPS and use cases) 

and performance measures for system validations are 

identified. A System Validation Plan is devised and 

monitored using change control, which ensures that 

the verification plan, or test procedure, is not wrong or 

out-dated. When verification testing indicates a 

problem, the requirements and design must be 

reviewed to see what, if any, adjustments are 

necessary (Bahill and Henderson [6]).  

Pieces developed independently don’t always work 

when integrated together, which is arguably the 

largest single factor that causes schedule and cost 

overruns. Thus, the Systems Engineers have devised 

the following policy to minimize this risk:  

 Verify interfaces and interactions between key

subsystems and components early by use of models

and simulations;

 Integrate parts progressively.

12. Concluding Remark

Qualification is used, in this paper, to mean ‘a state of

readiness to operate’, which must be maintained as the

equipment ages. The term qualification is also used to

mean that materials, design, fabrication and

performance under intended use, are verified by a

combination of analyses, simulations and testing,

throughout the project life. Traditional quality

control assures that the product will work after

assembly and as designed.

Whereas reliability provides a probabilistic assurance

that an item will perform its intended function for a

defined period without failure under specified

conditions. In other words, reliability looks at how

long the product will work as designed, which is a

very different objective than that of traditional quality

control. Therefore, different tools and models apply to 

reliability, do not necessarily apply to quality and vice 

versa.  

The focus is on the continued function and resilience 

of critical assets to prevent interruption of functions.  

Reliability assurance is a common integrative 

framework, not a single policy, to design in robustness 

and resilience and to reduce breakdown due to 

mechanical failure, accidental event and willful 

actions. Reliability assurance also relies on existing 

protection and mitigative policies, including material 

selection, corrosion protection, accident prevention 

external hazards, geotechnical hazards etc.  The 

effectiveness of reliability assurance should be 

measured in relation to availability and continued 

operation.  The present framework merges with the 

wider issue of risk management framework and the 

strategic objective of the owner.  

The verification strategy is defined as combining 

efficiently the different verification stages, 

verification levels and verification methods, to reach 

the following objectives: 

• Satisfy the Client’s requirements;

• Maintain cost targets;

• Respect schedule constraints.

The initial step of the verification process is the

identification of the requirements to be verified. The

general requirements are analysed to originate system

and lower level specifications containing a consistent

tree of performance addressing; design, interface,

environmental, operational and support requirements,

which form the basis of the verification activities at

the different levels. To facilitate the verification

implementation in terms of planning, execution,

control and reporting, the requirement generation and

allocation activity will ensure specific requirement

characteristics; each requirement shall be:

• Traceable with respect to one or higher-level

requirement;

• Unique and associated with a proper identifier

(document and paragraph number);

• Single and not containing more than one

requirement;

• Verifiable with one or more approved verification

method;

• Unambiguous and containing a precise statement;

• Properly referenced to other requirements, with the

applicable document and paragraph identification.

In addition to performance analysis, modelling and

simulation, validation include reliability analysis to

ensure that the design will be robust for all specified

operating and environmental conditions, which should

also consider all possible deviations from the normal

operating condition.

One of the fundamental principles of the subsea

industry is that quality must be designed into

equipment and processes from the beginning.

Facilities and systems must support the quality
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requirements of their associated processes to be 

deemed “Fit-For-Service”.  Reliability analysis 

methods help to identify critical aspects of the design 

to focus on, thus moderating the amount of testing. 

The term ‘critical aspect’ is used to mean mitigation 

control implemented by design, not by procedural 

controls. Critical aspects can be identified during a 

risk assessment. Industry uses a plethora of methods 

for risk identification. HAZOP, HAZID and FMECA 

are three examples of hazard assessment methods 

which perform well in the identification of risks.  

It was also emphasised the importance of tracing the 

requirements to their solutions (design), the 

Requirements Traceability Matrix (RTM) documents 

show how the analysis of requirements translates into 

the project-specific design, from which technical 

specifications can be developed and used to design 

testing and acceptance criteria. 

The subsea industry never intentionally creates 

requirements and designs that result in operation at the 

“limit”. While a system may be designed to meet 

performance specifications within a generous set of 

tolerances, it should be rare to fail rapidly in the event 

of relatively minor excursions from normal operation. 

The concept of graceful degradation, without failure, 

is the key to successfully implementing subsea 

systems in deeper environments at a reasonable cost 

and within a reasonable timescale. A properly 

executed validation program will enable slow 

degradation by using performance sensitivity analyses 

and design risk analyses, thus providing the project 

insight to guide risk versus cost (mitigating action) 

trades. 
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Despite the enormous military threats against the country's military facilities, 

especially the naval industry, correct understanding of the behavior of these 

structures in efficacy of explosion, analysis and design of this industry has 

been much importance than ever before. An important class of these threats, is 

underwater explosion and its effect on various structures, Floating or 

submerged. In this paper, the researcher first introduces the underwater 

explosion phenomena and theories that govern the propagation of fluid 

hydrodynamics, shock waves from the explosion and its interaction with 

floating and also submerged structures have been investigated. Finally, 

numerical studies (FEM) of the behavior of a super submarine subject to 

underwater explosion have been provided by ABAQUS software and some 

results have been obtained such as: response with different frequencies, the 

place of radiation boundary in interaction of water and construction, the effect 

of added mass and hydrodynamic pressure. 
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1. Introduction
Naval structures have many applications, especially in

the oil and gas industries of every nation. The design

of these structures has been influenced by various

factors such as wind, wave, current, earthquake, and

dead and live loads. On the other hand, with the

spread of military threats against the country, the

analysis and design of these structures under the

explosive loads become apparent. One of the crucial

issues in the study of water-structure interaction is

underwater explosions and their impact on submerged

structures, as they are strategically critical in terms of

engineering application and passive defense. Since

World War II, this subject has been studied and

underwater explosions have been used in many

industrial projects such as the shaping of metal planes

and military operations and recently for the removal

of obsolete marine structures such as platforms. The

waves caused by underwater explosions have a

remarkable impact on submerged structures like

submarines, pipelines, oil platforms and facilities etc.

Therefore, the detailed analysis of underwater

explosions has been considered a necessity in

reducing the damage of these structures.

In engineering sciences, it is sometimes essential to

dismantle all the devices into single components and

parts with understandable behavior and then restore

the device based on such components, in order to

clearly understand the environmental behavior and its

natural processes. Numerical methods are one of these

processes, capable of modeling the behavior of 

complex phenomena by discretization. Moreover, two 

cases are often posed with regard to the dispersal of 

waves in any space. In the first case, we deal with 

waves of small amplitude and then in the second case, 

these are shockwaves and therefore we deal with the 

waves of finite amplitude. The waves which are 

created in the vicinity of the explosions, are of the 

second type. 

In this article, we first express the theories of 

interaction analysis for water and submerged 

structures being subject to explosions and then we use 

ABAQUS software to provide a numerical modeling 

for a submarine. 

2. Research history
Cole is the first scholar to explain the equations

regarding underwater explosions in his research [1].

By describing various processes of explosions, he has

developed a new way in this field. The complete

analysis of the problem of underwater explosion

involves solving the equation of structural vibration

and the concurrent diffusion of waves from the

explosion source through the fluid. The methods used

to analyze this phenomenon are either the expansion

of series or the use of variable changes. In 1999,

Maire collected the reference problems which propose

an analytical and precise solution to the water-

structure interaction [2]. Since the introduction of all
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these instances is beyond the scope of this article, it 

would sufficient to report a few cases in this regard. 

Shock chamber: This model proposes a one-

dimensional solution to the problem of shock and 

wave diffusion due to the interaction of two fluids in a 

stationary state in the Cartesian-Riemann system.  

Rayleigh Model: A one-dimensional solution is 

proposed in the spherical structure for the dynamic 

incompressible fluids. 

Primakoff Solution: A one-dimensional solution is 

provided in the spherical structure for the dispersal of 

shockwaves in the water caused by movable 

boundaries. 

Table 1 summarizes these cases. 

Table 1. General issues for continuous flow field 
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Shock Tube A      

Rayleigh-Plesset 

Solution 
A      

Primakoff Solution A      

Caviated Water 

Impact 
A      

P.alpha Shock Tube A      

Wardlaw/Mair 

Bubble 
A      

UNDEX Similitude E      

Spark-Generated 

Bubbles 
E      

SRI Spherical Sand 

Shock 
E      

Snay Goertner Bubble E      

The black and white circles indicate existence and 

absence respectively. 

In 1984, Felippa and Deruntz developed a finite 

element method for cavitation based on the works that 

Newton had done between 1978 and 1981 on the 

impact of cavitation on the underwater explosion. In 

this method, the wave field inside the fluid was 

modeled based on a potential function of scalar 

displacement. CAFE elements were first used by its 

originators in CFA computer program. The fluid 

boundaries were considered based on the method used 

by Geers in 1978. These boundaries which are called 

doubly asymptotic approximation are actually a 

boundary element method that provides accurate 

answers at the initial and final intervals of the 

analysis. USA computer program developed by 

Deruntz in 1989 has been based on this method [3,4]. 

Then, in 1990, another program called 

USA/LS_DYNA was developed by Hallquist based 

on CAFE method in which semi-discrete equations of 

fluid and structure had been integrated implicitly 

while the fluid boundaries had been modeled by DAA 

methods and plane wave approximation[5]. In 2008, 

the ABAQUS software appeared in the markets based 

on the same method, but it is distinct, as the fluid field 

was modeled based on the method of the boundaries 

of curved wave approximation [6]. When an explosion 

occurs in the vicinity of a structure, the assumption of 

the small motions of the fluid cannot be logical 

anymore and it is possible to use hydrocodes as 

referred to in [7]. These hydrocodes have been 

mentioned along with the method applied for the 

problem analysis. Recently, in 2002, Sprague and 

Geers enumerated the disadvantages of CAFE model 

and proposed a new method based on spectral 

elements[8]. In spectral elements, the three-line 

functions used in the finite element CAFE model are 

removed and replaced with Legendre functions. In 

fact, it can be said that the accuracy of spectral 

elements has been integrated with the flexibility of 

finite elements in CAFE. Moreover, they used the idea 

of separating the fluid environment into the total field 

and intervention and diffraction field, in order to 

express the equations related to the fluid [9,10].  

More studies were done by Dyaka, Shin and Li on the 

non-linear transient response of the submerged 

circular plates subject to explosion loads [11-13]. In 

their studies, they used the Kirchhoff theory of thin 

plates and hypothesized that this plate can show non-

linear geometrical and material behavior [11-13]. To 

analyze the problems of water-structure interaction 

with the help of numerical methods like finite 

elements, there are various numerical models such as 

Lagrangian model, free Lagrangian model (FLM), 

smoothed particle hydrodynamic model (SPH), total 

Lagrangian model, Eulerian model, coupled Eulerian-

Lagrangian model (CEL) and arbitrary Eulerian-

Lagrangian model.  

2-1. Theories of water-structure interaction

analysis

Normally, in dealing with the issues related to

underwater explosions, there are two cases that must

be encountered: first explosions close to the free

surface, second the areas far from the free surface

(ocean depths). The importance of this topic has been

increased due to a critical phenomenon called

cavitation. This phenomenon which has a completely

non-linear nature plays a major role in the analysis of

the issues concerned with water-structure interaction.

2-2. the fluid field away from the free surface

without cavitation

Thus far, advanced computational methods have

originated to deal with underwater shockwaves at the

depths of oceans where there is no cavitation. In these

models, the fluid is assumed as an infinite and
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homogenous acoustic field, while the structure and 

probably the fluid which is close to the structure are 

modeled by the finite element method, the impact of 

fluid field through one of the boundary element, or 

finite element methods which are engaged in the finite 

element model of the structure as a system. 

2-3. Doubly asymptotic approximation (DAA)

One of the effective methods for the fluid field

modeling is the doubly asymptotic approximation. It

is used in cases where the presence of cavitation is

rare and only the diffracted hydrodynamic sound

pressure caused by the fluid-structure interaction is

important while the total pressure inside the fluid is of

no importance. A formulation of this method from the

first rank or DAA is expressed in the below equation

[14]:

( ) ( ) ( )f

f f f f s f f f sM p t c A p t c M u t   (1)

Where 
fM is the fluid mass matrix for the surface of 

the fluid subject to the structure and 
fA is matrix 

diametrical cross-section which changes the knot 

pressures into knot force. ( )f

su t is the diffraction rate 

of fluid particles which is perpendicular to the 

interface of structures and 
f is the diffracted term

from the total pressure. 

The DAA relation is otherwise called the doubly 

asymptotic approximation as it shows the limited 

behavior in high frequencies (initial intervals) and low 

frequencies (final intervals) of the analysis. For high 

frequency response, the term ( )sp t  is considerably 

greater than term ( )sp t in the above equation. 

Therefore, the second term in equation 1 is omitted 

which in turn leads to the plane wave approximation 

in which ( ) ( )f

s f f sp t c u t and is accurate for the 

short sound wavelengths.  However, for low 

frequency responses, term ( )sp t  is considerably 

greater than term ( )sp t and equation 1 is 

( ) ( )f

f s f sA p t M u t which indicates the mass added 

to the structure that is accurate for the long sound 

wavelength. The equation of compatibility between 

the interfaces of the fluid and structure is expressed by 

the below equation [9]: 

T m f f

i sG u u u  (2)

Where i and s indicate the speed of the incident wave 

and the speed of diffracted fluid particles and 
mu is

the vector of structure particles in the interface of the 

fluid. 
TG  is the transpose of the matrix on the 

interface of the structure and fluid. Equation 2 

indicates that the speed of the particles inside the fluid 

and on the surface of the structure is equal on their 

overlapping surface. Now, by inserting equation 2 into 

equation 1, the dynamic equation of the fluid behavior 

with DAA method from the second rank has also been 

developed by Geers in which higher terms of 

scattering pressure have been considered. In total, it 

can be said that DAA is a very effective and useful 

approximation method for the modeling of the fluid 

field with the removal of the finite element modeling 

for the fluid fields with deep structures and its 

application in the form of a layer of elements on the 

structure, so that the impact of cavitation can be 

ignored. In this state, only the term of hydrodynamic 

pressure caused by the scattered sound waves can be 

calculated. In figure 1, the schematic DAA model has 

been illustrated [14]. 

Figure 1. A schematic illustration of the fluid field modeling 

with DAA boundary element method 

2-4. Retarded potential method

This method is indeed an analytical solution for the

wave equation (Helmholtz equation). The integrated

pressure equation is a function of time, indeed space is

discretized by the boundary element method and then

the equation has been analyzed with the motion

equation of the structure as a system [15].

Suppose a submerged surface is subjected to an

incident wave in the water. The fluid field is assumed

to be incompressible and non-adhesive. The pressure

of the incident wave is expressed as incP that hits the 

structure and produces intervention and scattered waves or 

scaP . Moreover, the responses of the structure also 

produce a radiation pressure radP  within the fluid 

field. Therefore, the total pressure consists of three 

parts as described below [15]:  

inc sca radP P P P   (3) 

The boundary terms of the wetted surface of the 

structure is described as follows equation 4 where n  

is the normal vector towards the outside from the fluid 

to the structure, p  is fluid density and
na is the

normal velocity of the structure [15]: 

n

P
a




 


(4)



Rouhollah Amirabadi, Reza Ghazangian / A Comprehensive Study of an Identical Submarine Subjected to Explosion 

24 

In fact, equation 4 shows the active fluid field. The 

integral of retarded potential is the solution of the 

linear wave equation exposed to the boundary 

conditions of the wetted surface of the structure [15]. 

Then:  

2
2

2 2

1 P
P

c t


 


(5) 

The integrated form of equation 5 causes incP on the 

wetted surface of the structure subject to the incident 

pressure wave. This pressure is formulated as follows: 

R x x

R
t t

c

 

  
(6) 

Where c  indicates the velocity of sound in the water 

and t  is the delay duration and x  is the location of 

the point where the observations are being performed, 

and x  is the location of the integrated point. 

Equation 6 is the pressure equation in relation to the 

equation of the structure, the convergence of 

responses can be achieved by the step-time implicit 

solutions. 

2-5. The field of fluid close to the free surface

exposed to cavitation

2-5-1. Acoustic fluid field

The acoustic fluid suggests the behavior of liquid and

gas subject to a rapid dispersal such as shockwaves

and sound vibrations that spread with the intervals

within the range of sound frequencies. The equation

of momentum, continuity, and the equation of motion

are used to obtain the equations for the expression of

acoustic fluid. The classic wave equation for the

acoustic fluid in volume V is expressed as below [16].

2 2 0c in V    (7)

The displacement function  is introduced as the 

quantity of the dependent variable and is defined for 

the discretization of finite elements as: 

( , ) ( ) ( )x t N x t  (8)

Where ( )N x  is the function of the form and ( )t  is 

the group value of   

This function should satisfy the terms of continuity. 

Galerkin method is used to obtain the semi-discrete 

equation of the finite elements. By integrating the 

wave equation in volume V and based on the function 

of weight N, we have [16]: 

2 2( )( )T T

V S

NN c N N dV c N dS
n


 


        (9)

Where T  indicates the stimulation that the structure 

applies on the fluid.  

The matrix form of the previous integral is 

transformed as follows: 

2 2Q c H c b   (10)

The nature of interaction between the three parts of 

the engaged system has been shown below in a 

schematic figure [16]: 

In fact, with the pressure being applied by the fluid 

volume on the structure, a response in the form of 

displacement is elicited on the fluid volume and then 

the fluid receives the pressure from the transfer 

boundaries and receives it as a displacement quantity 

again. It is noteworthy that in case there is no 

cavitation, it is possible to ignore the model of fluid 

volume and achieve a method called surface 

approximation methods, in which the structure 

engages the DAA boundaries or other approximation 

methods. 

2-5-2. Wet surface approximation for problems

close to the free surface

In these methods, the fluid-structure interaction has

been merely considered based on wet structure surface

approximation methods. The motion equation of the

structure and DAA equation will be used with the

compatible relationship between the particles and the

structure for solving the interaction system and the

dynamic response of the structure [17].

The equation of asymptotic approximation that is of

the first rank is derived as follows [17].

( ) ( ) ( )f s f s f sM p t cA p t cM u t   (11) 

Where 
fM is the matrix of the fluid mass for the 

wetted surface of the fluid mesh (attached to the 

structure) and ( )su t  is the velocity vector of fluid 

particles and vertical particles of the wetted structure 

surface [17]. 

Equation 11 is referred to as the doubly asymptotic 

approximation as it incorporates the system behavior 

in both of high and low frequencies (or the initial and 

final intervals) of the responses. The compatibility 

equation between the fluid and structure is as follows: 

T

i sG x u u  (12) 

This equation states that the speed of fluid particles 

and that of the structure elements on the wetted 

surface of the structure are the same. This means that 

the particles move together. By insertions in equation 

11, one can writes: 

 ( ) ( )

( ) ( ) ( )

s s s f i s

T

f s f s f i

M x C x K x GA p t p t

M p t cA p t cM G x t u 

    

    

(13)
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The above equations are solved for x  and sp values 

in temporal steps. The promoted DAA method of the 

second rank is also available. However, the surface 

approximation methods cannot show the cavitation 

impacts at the time of shockwave incident on the hull 

and their reflections and the resulting cavitation 

beneath the ship [17].  

3-validation studies of scalar method

principals for structure exposing to under-

water explosion waves
3-1. Parametric discussion of tension wave

propagation in finite element with explicit dynamic

solution

In this section, parametric discussion of principals

expressed about explicit dynamic solution and the

manner of tension wave propagation in a block under

explosive loading are presented considering

principals. Parameters such as stability time and the

effect of small or large mesh of finite elements and

material selection on choosing stable time increment

are addressed. As tension waves pass a block with the

highest frequency, a very small time increment should

be selected for achieving reactions with acceptable

accuracy.

3-1-1. Model description

Intended block is made of steel, and its dimensions

and load direction is shown in figure 2. In order to

study a one-dimensional situation, boundary

conditions are selected in such a way that all sides

have free movement (roller support). In addition, free

end of the block is exposed to an explosive loading

with magnitude of 0.1 MPa and continuity time of

3.88 * 10-5.

Figure 2. Side view of the model, material characteristics, and 

load applying method 

Wave velocity within the steel can be calculated using 

material characteristics (ignoring Poisson effect). 

9
3207 10

5.15 10
7800

d

E
C m s




   

A wave having this velocity can reach the end of the 

related block which is 1 meter long after 1.94*10-4 s. 

Mesh should be chosen in such a way that it can show 

the tension passing the block adequately. Bathe 

proposed that the idea used in finite difference method 

can be used for cases in which we face wave 

propagation in an environment to select elements' 

dimensions and time increment [12]. Mesh 

dimensions are obtained by selecting 10 elements in 

each wave length and performing the following 

simple calculations: 

5

10 (3.88 10 ) 0.2el dL c  

The length of 10 elements is 0.2 m and as the length 

of one element is 1 m, 50 elements are obtained along 

the block. In addition, 10 elements are also selected in 

two directions perpendicular on wave propagation. 

Applied elements are of C3D8R (Eight-node brick 

element with reduced integration) type (figure 3). 

Figure 3. Meshing the block along wave propagation 

direction and perpendicular on it 

3-2. Reaction of submerged shell structure to

under-water explosive waves and bed reflection

effect

Modeling the reaction of submerged structures with

simple geometry to different kinds of under-water

explosions is one of the most important parts of

validating water and structure interaction codes. In

this example, the ability of ABAQUS/Explicit

software for modeling the interaction between

spherical and cylindrical shell exposed to different

shapes of shock waves resulted from under-water

explosion, has been investigated. In addition, a

parametric study is performed on the shape and type

of explosion wave and the structure distance from the

bed (reflection boundary). Obtained results are

compared with DAA method discussed previously.

Interaction between a spherical and cylindrical elastic

hollow shell and shock wave is investigated in planar

shapes with time step function, in planar wave with

exponential decay and in spherical wave with

exponential decay. The magnitude of shock wave in

all models is 1 MPa (except cylindrical shell model

with step planar wave which is 1 Pa). Explosion

resource distance from the reference point on the

structure depends on the loading (planar or spherical).

Exponential constant time for cylindrical and

spherical shell loading is 0.0137ms and 0.685ms,

respectively. Figure 4 shows the different types of

loading used in this analysis. Symmetry properties are

used in these models and suitable boundary condition

is used in edges. Cylindrical shell are modeled with

S4R elements and its surrounding fluid elements with

AC3D8R elements while spherical shell is modeled

with SAX1 elements and fluid environment with
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ACAX4R for reducing calculation expenses. 

Spherical and circular non-reflective boundary 

(radiative) on outer surface of the fluid are considered 

as infinite boundary for circular and cylindrical shell, 

respectively. Figure 5(up and down) shows the 

structure and fluid model. Water and structure 

interaction will be performed based on the method 

explained in chapter 4 which is through surface 

interaction and explicit method during 27ms for the 

sphere and 6.56ms for the cylinder with time 

increments of 1*10-7. Explosion is along positive axis 

2 for the sphere. The closest point to the explosion 

area is called the leading node and the farthest at the 

back of the sphere is called the trailing node in figure 

5. The leading point is a place where shock wave

reaches it at the first moment and it is also called the

standoff point. As it can be observed, the radiative

boundaries are also placed at the outer surface of the

fluid. Properties of material used for the fluid and the

structure based on Huang sphere [13, 14] are as

follows:

Steel properties:

31 , 7766

1

0.3 , 2 , 2.9

m

s

m

cm cm

sphere cylinder

kg
Radius of sphere

m

Radius of cylinder

t t





 



  

Fluid properties: 

9
3997 , 1416 , 2.128 10f f

kg mc K Pa
sm

    

Outer boundary radius for spherical shell=3 m

Outer boundary radius for cylindrical shell=2.03m 

Figure 4. . different loading type used in this analysis: I) step 

incident load; II) shock wave with time constant of 0.0137 ms; 

III) shock wave with time constant of 0.685 ms

Figure 5. a view of symmetrical model with its surrounding 

fluid; Up) spherical shell in which explosion occurs along axis 

2; Down) cylindrical shell in which explosion occurs along 

axis1 

3-2-1. Studying pressure variations inside the fluid

In order to study this model and pressure variation in

the fluid during the analysis more carefully, total

pressure variations is shown in figure 6 for 0.006s

time increment. As it is observed, reflected wave

reaches the structure after 0.003s. Total pressure

variations inside the fluid are plotted using total wave

option. Pipe transformation is plotted in figure 7 from

the analysis start until the end of it for 0.001s time

increment. As it can be seen in the following figures

8, when shock wave reaches the first point, i.e.

standoff point, this point of the cylinder starts to

transform. Reflected wave strikes the structure after

0.003s and the cylinder starts moving perpendicularly.
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Figure 6. Total pressure variations in fluid field in Pas and based on 0.001-s time increment in scale 1*10-9 
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Figure 7. cylinder movement due to direct and bed-

reflected waves from the beginning till the end of 

analysis with 0.001-s time increment 

It can be generally said that bed reflection leads to 

reaction increase. This is because incident wave and 

reflected wave have the same sign. In order to better 

understand the results, cylinder transformation in the 

last time increment is plotted in figure 10 for different 

magnitudes of incident wave. 

Figure 8. Cylinder transformation regarding the magnitude 

variations of incident wave at moment 0.006 s in scale 1000 

It is better to study total pressure variations in fluid 

field in order to understand the procedure happened in 

this study. These variations are shown in figure 9. As 

it can be observed, when analysis and forward 

movement of the cylinder progress, points near the 

explosion resource face intense hydrodynamic 

pressure variation. In so far as some points one the 

cylinder receive very high pressure while the adjacent 

point on the structure and the surface opposite the 

explosion experience very low pressure. This pressure 

difference is due to the effect of the wave reflected 

from the bed which leads to transformation shown in 

figure 8. 

Figure 9. total pressure variations in fluid field in Pa 

and based on 0.001-s time increment and in scale 1*10-9 

4- Problem statement and explaining its geometry

In this example, the shock wave created by 60 lb

explosives HBX-1 (equivalent to 20.17 Kg TNT) is

generated. The material of the cylinder was aluminum

T6061-6. The characteristics of the materials used for

water and the structure are as follows:

Aluminum characteristic:

10
32784.5 , 7.56 10 , 0.33

3.0 8 3.3 8

0.0 1

kg
E Pa

m

Yield Stress E Pa E Pa
Plasticity data

Plastic Strain

    

  




Water characteristics: 

10
31000 , 2.1404 10 , 1463f f

kg mK Pa c
sm

    

Geometry characteristics of the pipe and the shock 

wave are mentioned in the table 2.  

Table 2. the cylinder’s geometry characteristics and the 

magnificence of the shock wave 
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Figure 10. The site of displacement of the strain gauges, explosion source, and the reference point on the immersed pipe 

The cylinder is placed horizontally at a depth of 3.66 

m from a pool with a depth of 40 m. The explosive is 

also located at an identical depth perpendicular to the 

cylinder axis on its’ center at a distance of 7.62 m of 

the external area of the cylinder. The depth of the 

location of the cylinder, the place of explosion and the 

time of experiment is in such a way that the cavitation 

effect, the gas bulb, the reflection from the walls, and 

the free area can be ignored (the assumption of lack of 

cavitation will be investigated). Strain gauges are 

placed at different positions from the external area of 

the cylinder (Figure 10) .The shock wave exerted is 

spherical which is shown in figure11. The 

magnificence of the shock wave is 15.7 MPa. 

Figure 11. The graph of the wave induced by the explosion 

under the water at a distance of 7.62 meters from the 

explosion source 

To model the cylinder, shell elements S4R of limited 

components have been used. This meshing includes 

2402 nodes and 2400 elements with 40 contextual 

divisions and 53 axial divisions, in such a way that the 

dimension of each element is almost 2 centimeters. 

The normal vector of the elements is towards the 

fluid. Nodes are places on the external area of the 

shell. End lids are dummy elements which are used 

with decreased mass and stiffness, and only indicate 

the thickness of the lids. 

The external fluid is modeled by elements of the 

AC3D8R four dimensional model. External 

boundaries of the Radiating boundary condition 

(Nonreflecting) of the fluid has been modeled by two 

cylindrical and spherical parts. On the basis of the 

equations given in chapter four for the calculation of 

the distance of reflective boundaries, this value is 

obtained equal to 0.457 m, but according to the 

conducted studies, here to reduce the effects of the 

added mass on the first bending mood of the structure 

for lower frequencies, twice its value brings upon a 

better result [15]. Therefore, a study was conducted on 

the basis of the varying distances of the two infinite 

cylinders between which is filled with water, to 

determine the ratio of the added mass at the lowest 

bending mood of the structure. The results are 

presented in table3. As it can be seen, in a radius, 6 

times as the internal radius of the cylinder, the percent 

of error induced by added mass to the first bending 

structure is 5.7% relative to the infinite boundaries. 

On the other hand, Belvin conducted a parametric 

analysis on the basis of the ratio of the external 

infinite cylinder radius to the internal infinite cylinder 

radius whose context was filled with water, to 

determine the error induced by the effect of the added 

mass of the fluid on the structure. His results showed 

that for the external cylinder radius in the limit of 6 

times as the internal cylinder radius, the error of the 

ratio of the added mass to the first bending mood of 

the structure is almost 6 percent relative to the infinite 

boundaries [16]. This result is consistent with the 

result obtained here. Therefore, for the distance of 

reflective boundaries to the model center, the value of 

0.915 meter is used. To mesh the fluid in contact with 

the structure, the seeding of 0.04 m with the division 

of 24.4 elements in each sound wavelength with a 

frequency of 1500 Hz, and in the boundary part, the 

thicker seeding whose seeding is 0.1 m, i.e. 9.7 

element in each sound wavelength with a frequency of 

1500 Hz is used. This characteristic leads to reduced 

calculation costs  

The system involved between the fluid and the 

structure in this example is between the hydrodynamic 

pressures induced by the sound waves which is 
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present in the fluid, and displacements of the cylinder 

in their contact.  Here, the surface intra-action solution 

method has been used. Because the fluid mesh is 

thicker, the fluid area is considered as the Master and 

the structure area is considered as the slave.  

Table 3. the ratio of the mass added to the structure in the 

effect of variations of external boundary radius 

Cylinder Radius Ratio 

(R0/Ri) 

Added Mass Ratio 

(External boundary/Infinite Domain) 

1.5 2.500 

2.0 1.665 

4.0 1.141 

6.0 1.059 

8.0 1.031 

16.0 1.007 

24.0 1.002 

5-Results

The analysis occurs at 0.008 seconds (similar to

laboratory conditions) by explicit method. The stable

time step is calculated 
61.69 10  for critical elements 

in pre-processing point. In the first part of results, the 

general condition of the case such as reasonable 

amount of kinetic energy and strain energy and the 

amount of plastic energy and the total amount of 

energy will be discussed using the internal energy of 

structures charts. Fig. 12 indicates that as soon as the 

shock wave loading finishes and the pipe begins 

vibrate while the kinetic energy ALLKE increases, at 

the same time the strain energy ALLSE is beginning 

to decrease. When the pipe is at its maximum 

deformation, the maximum amount of strain energy 

occurs, while in other times when the pipe is 

vibrating, the strain energy is at its minimum. 

Considering that ALLPD plastic strain energy is 

reaching to a stable situation, then it increases after a 

while. It is shown from the kinetic energy plot that the 

second bulge in the amount of plastic strain energy 

occurs when the pipe is returning from its maximum 

deformation. Therefore, the plastic deformation after 

shock wave loading can be observed. In ABAQUS, 

the element’s hour-glassing deformations are 

controlled by the ALLAE quantity, virtual strain 

energy. It is shown that as the internal energy 

dissipates and plastic deformations of the pipe form 

according to structure’s deformations, the amount of 

total internal energy itself is much higher than the 

amount of elastic strain energy. Therefore it is 

concluded that the virtual strain energy in this analysis 

is an energy quantum including the dissipated energy 

with elastic strain energy. ALLIE is the total internal 

strain energy including all internal energy quantities 

(ALLSE+ALPD+ALLAE). It is shown in Fig. 12 that 

the virtual strain energy is approximately 1% of the 

total energy. It shows that in this analysis, the hour-

glassing deformations are negligible [17]. 

Figure 12. Comparison of the structure’s internal energy and 

kinetic energy 

As it is shown in the free vibration mode, the upper 

and lower points moving in opposite directions. In 

Fig. 13 this mode plotted on the scale of 40. 

Figure 13. Breathing mode of plunged pipe in two different 

moment of analysis on the scale of 40 

Another movement of the pipe is in 1 axial, actually 

two surfaces in front of and behind the explosion 

move towards the shock wave propagation. In Fig. 14 

the deformation of this mode is plotted in two 

different times on the scale of 20. 

Figure 14. The whipping mode of plunged pipe in two 

different times on the scale of 20. 

The tension obtained from ABAQUS analysis for two 

surfaces behind and in front of the explosion after 

0.008 seconds and plotted in figures 15 and 16. As it 

has been represented, after a while the tension near the 

end crust of the pipe increases. As mentioned before, 

this happens because of the pipe’s two ends thickness. 

https://www.google.com/search?q=approximately&spell=1&sa=X&ved=0ahUKEwiKyY7c-Z_UAhXCvRoKHUTaCyUQvwUIJSgA
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This can be observed in strain charts. The strain value 

is higher in A1, B1 and C1 strain gauges. The tension 

at the last moment of analysis for B1 obtained 145 

MPa. Although the tension in this point is 272 Mpa, 

the accumulated equal plastic strain counter OEEQ is 

plotted in figures 17 and 18. It is shown that the 

accumulation of strain at the end of the pipe causes 

plastic deformation in this region. 

Figure 15. Tension counter on the front surface of explosion at 0.008 seconds. 

Figure 16. Tension counter on the back surface of explosion at 0.008 seconds. 

Figure 17. accumulated equal plastic strain counter on the front surface of explosion at 0.008 seconds 

Figure 18. Accumulated equal plastic strain counter on the back surface of explosion at 0.008 seconds 

As said before the cavitation created in this region is 

like a protection layer against shock wave harsh 

effects. Therefore, it can be pointed that cavitation is 

the cause of decreasing the strain in this point. Fig. 19 

indicates the deformation at 0.008 seconds. It is 

shown that deformation at the end is lower than the 

middle parts of the pipe. Fig. 20 and Fig 21 indicate 

total hydrostatic pressure caused by shock wave 

interaction with plunged pipe from the beginning to 

the end of the analysis. 
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Figure 19. . Deformation of the pipe at 0.008 seconds on the scale of 20.

Figure 20. Total hydrostatic pressure caused by shock wave interaction with plunged pipe from the beginning to the end of the 

analysis. 
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Figure 21. Total hydrostatic pressure caused by shock wave interaction with plunged pipe from the beginning to the end of the 

analysis. 

6-Conclusion
As it is noted in the topic of underwater explosion,

water and construction interaction derived from,

explosive waves which we are dealing with different

issues  such as a dynamic equation selection method

governed fluid particles movement, reasonable

hypothesizes about them and the function field of

these equations, different boundary conditions such as

radiation boundaries, reflective boundaries and

interaction boundaries, selecting a proper solution

method for the system involved with water and

construction after explosion and selecting a proper

solution method for time step and  dimension of

usable elements, the pulses derived from gas bubbles

model and so on. The following results are obtained

for some of the above factors in this research, after the

related modeling. As the result of analyze, it could be

mentioned that in this level of issues where the system 

totally is involved between the construction 

movements and the sound pressure, the construction 

responses are according to the following: 

The response with low frequencies is recognized by 

construction wavelengths which basically are 

significantly smaller than the sound wavelengths. In 

this situation, the effect of the external fluid is as an 

added mass upon the wet surface of the construction. 

The high frequency response is recognized by the 

construction wavelengths which basically are 

significantly bigger than the sound wavelengths. In 

this situation, the effect of the external fluid is as a 

simple damping mechanism, so that the energy from 

the construction to radiative bound (zone) is 

transferred by sound hydrodynamic waves. The 

medium frequency response is recognized by the 
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construction wavelengths which are equal with the 

sound wavelengths. During this frequency diet the 

external fluid is acting under two effects, the added 

mass and the damping effect upon the construction. 

Determining the place of radiation boundary in 

interaction of water and construction derived from 

underwater explosion is very important, because it 

should be able to show the highest created wavelength 

adapted to the lowest frequency governed on fluid 

field. As it mentioned in these frequency values, the 

fluid is acting as the added mass on the construction. 

So the radiation boundaries must be in a position 

where it shows the minimum error from fluid added 

mass on first flexural mode. A parametric study upon 

a pipe float showed that at distance about 7 times of 

internal cylinder's radius, radiation boundaries had the 

minimum effect of added mass on first flexural mode. 

Also the research showed that in reflective boundary 

conditions, reflected waves from the seabed causes the 

increasing of responses, however the waves which are 

reflected from the surface of sea causes the reduction 

of responses. This effect with a time difference in 

construction responses is due to more distance which 

the reflected wave moves to arrive to the construction 

surface from fluid field external surfaces. Moreover, a 

parametric study on shock wave amplitude changes 

represented that some parts of construction around the 

explosive supply are affected by hydrodynamic 

pressure extreme changes. This factor creates 

irregular deformations in this surface of pipe. 

According to parametric studies, it is represented that 

plane waves is creating a stronger effect with the time 

step function. Also in this kind of loading, 

construction response in final seconds of analyze does 

not fluctuate between zero amount, against loading by 

reduction exponential time function. As it was noted 

in Kwon and Fox cylinder modeling when the shock 

waves arrive to the float construction, the area of pipe 

near the explosive supply in primary seconds is 

involved cavitation. It is the effect which was not paid 

attention in previous researches. So the hypothesis, 

the cavitation area can act as a protective layer for the 

construction against shock waves. The obtained 

results for near and far strain gauges from explosive 

area upon the construction, represents the accuracy of 

the claim. Moreover, this result suggests that DAA 

method is not applicable enough for areas with high 

probability of cavitation. 
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High Strength Concrete (HSC) is a complex type of concrete, that meets the 

combination of performance and uniformity at the same time. This paper 

demonstrates the use of artificial neural networks (ANN) to predict the 

deflection of high strength reinforced concrete deep beams, which are one of 

the main elements in offshore structures. More than one thousand test data 

were collected from the experimental investigation of 6 deep beams for the 

case of study. The data was arranged in a format of 10 input parameters, 2 

hidden layers, and 1 output as network architecture to cover the geometrical 

and material properties of the high strength self-compacting concrete 

(HSSCC) deep beam. The corresponding output value is the deflection 

prediction. It is found that the feed forward back-propagation neural network, 

15 & 5 neurons in first and second, TRAINBR training function, could predict 

the load-deflection diagram with minimum error of less than 1% and 

maximum correlation coefficient close to 1.  
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1. Introduction
There is no direct method for deflection prediction of

deep beams. In general, the varieties of effective

parameters on deep beam design are issues for

applying of new method in design and prediction of

deflection in these special structural elements. It is

interesting and important to predict the shear behavior

and loads transferring to reinforced concrete members

with regards to the different load transferring system.

Notwithstanding, lots of research has been done in the

several last decades and the outcomes are

implemented in structural design codes (e.g. ACI 318-

02 Code [1], NZS [2]), it is not yet fully understood

the exact mechanism of the load transferring in

elements that shear deformation is dominated.

Nevertheless, the code provisions do not fulfill design

of elements such as deep beam and corbels. Although,

in the last 50 years, extensive research has been

conducted on the design and behavior of deep beams

and some progress has been made [3-13], there is no

exact method for designing and behavior prediction of

these special structural elements. It should be noted

that even in the structural design guidelines like 

British code BS8110 [14], ACI Codes, Euro code 

EC/2 [15], the Canadian code and the CIRIA guide 

No.2b [16], the design procedure of deep beams is not 

covered appropriately and the given information are 

mainly based on the empirical analysis. 

In design and serviceability prediction of structural 

elements, the material properties and action, laws of 

mechanics, feeling and engineering judgement, past 

experience and analysis techniques should be 

considered. With regards to excessive parameters that 

affect on the design and behaviour of deep beams 

such as the concrete strength, the effect of web 

reinforcement, the effect of tensile reinforcement 

ratio, the shear span-depth ratio, the length of deep 

beams and the effective depth and the lack of exact 

design process, there is a need to search the modern 

and exact method for prediction of deflection and 

other serviceability purpose emphasizing the 

economical and technical justification. 

 In the last two decades, attempts have been made to 

computerize the design process, behaviour of concrete 



Mohammad Mohammadhassani et al. / Prediction of Structural Response for HSSCC Deep Beams Implementing a Machine Learning Approach 

36 

elements and their serviceability using machine 

learning techniques such as artificial neural networks 

(ANN). The advantage of using the ANN is that it 

could learn from available designs during training 

process. ANN is a powerful knowledge surfaced from 

simulation of human brain and has been successfully 

applied in many fields of civil and structural 

engineering that demonstrate powerful problem 

solving ability [17], [18], [19], & [20]. Although, this 

technique is based on simple principles, its 

mathematical nature includes non-linear iteration that 

are useful in deep beam behaviour prediction. When 

the experimental samples consist of high dimension of 

elements, the data gathering to formulate the problem 

for other size of the structures would be difficult. 

Therefore, ANN could help to generate output for 

other dimension and parameters of structures by 

implementing a simulation procedure based on 

practical results.  

In the literature, Artificial neural networks have been 

used to predict the ultimate shear strength of 

reinforced concrete deep beams (Sanad&Saka 

2001)[21], design of fibre reinforced concrete beams 

(Hadi 2002)[22], shear design of reinforced concrete 

beams (Cladera & Mari 2004)[23,24], design for cable 

stayed bridges (Namhee Kim et al 2002)[25]. 

Moreover, some researchers (Rajasekharan & 

Vijayalakshmi Pai 2003[26], and Davis 1991[27]) 

have been investigating the main principals of neural 

networks in their studies.  

In current research, the experimental results of load-

deflection analysis of several High Strength Concrete 

(HSC) deep beams with different parameters have 

been applied to generate ANN for deflection 

prediction. The number of hidden layer, neurons in 

each hidden layer [28], and the type of selected 

function in data processing are the main parameters to 

simulate a network with minimum error and 

maximum correlation coefficient that have been 

discussed in this study. The outcome indicates that the 

ANN are capable of predicting the structural response 

in HSC deep beams much better compared to 

conventional statistical techniques, adapting its 

complex formulation and simulation procedure. 

Materials and Method: 
Experimental study 

Six high strength self-compacted concrete (HSSCC) 

beams have been designed and casted. It was decided 

that the tensile reinforcement percentage to be 

variable, whilst beam’s length, depth and thickness to 

be considered as constant parameters. 

The reason for choosing HSSCC is that, it is a highly 

flowable, non-segregating concrete that can fill the 

formwork and encapsulate the reinforcement without 

any need for consolidation. Because of the high 

volume of reinforcement in a deep beam, to resolve 

the vibration problem use of SCC would be a 

reasonable choice. The HSSCC mix design is given in 

Table 1 (Further details can be found in [29]). In the 

mix design a local aggregate with maximum 20 mm 

diameter. Ordinary Portland cement, natural river sand 

and micro silica and Super plasticizer were used. The 

concrete mix has the W/C ratio of 0.27, which kept 

constant for all beams. 

Table 1: The HSSCC mix design used in this study 

The main characteristics of self-compacting concrete 

is its workability; as shown in Figure 1, it can be 

controlled for all casting in the accepted range. 

Further information on the HSSCC mixing process 

and the results of the material tests can be found in 

[29]. 

Figure 1: The flow ability of self-compacting concrete 

(slump=600 mm) in B1 and B2 mix design. 

To reduce the risk of segregation in the used mix 

design, it was decided to keep the flow ability in the 

range of 550 to 740 mm. For each beam, nine cubes 

(100 mm × 100 mm × 100 mm) and three cylinders 

(150 mm diameter, 300 mm high) were casted as 

control specimens. Cubes were tested for measuring 

strength at 7 days, 28 days, and the age of loading and 

cylinders were tested for splitting tensile strength at 

28 days. All cylinder and cube samples used for 

strength control were demoulded after 24 hours and 

cured for age of tested beams in humidity conditions.  

The beams were casted in a steel mould and 

demoulded after 3 days. During this period, the test 

samples were covered with canvas and plastic. The 

Parameter Value 

Characteristic cube strength 75 MPa 

Aggregate type 
Crushed granite and natural 

sand 

Cement type Ordinary Portland cement 

Slump of concrete More than 600 mm 

Coarse aggregate content 553 kg/m3 

Fine aggregate content 887 kg/m3 

Water/binder 0.25 

Silica fume/cement 0.1 
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canvas was watered twice a day for 11 days, after 

which the framework was removed.  

Figure 2: The casting arrangement and deep beam fabrication 

The specifications of fabricated specimens including 

compressive strength (f’c), tensile reinforcement ratio 

(ρ) and tensile reinforcement area (As) are given in 

Table 2. It should be noted, that the compressive 

strength given for each specimen (f’c) is based on the 

average value of 3 cubic samples.  

Table 2: The specification of tested beams 

As (cm2)  (%)
cf (MPa)

Specimen’s 

Number 

1.91 0.219 91.5 B1 

2.36 0.269 91.5 B2 

3.83 0.410 91.1 B3 

5.58 0.604 93.72 B4 

7.60 0.809 79.1 B5 

8.54 0.938 87.5 B6 

The specifications of the reinforcing bars used in this 

study including yield (fy) and ultimate stress(fu) are 

given in Table 3. These values are extracted based on 

a number of samples taken from each batch supplied. 

As can be seen, all the used reinforcing bars were high 

tensile deformed bars except the smallest size which is 

non-deformed (Ф9). 

Table 3: Bars specifications used in this study

Diameters of used 

bars (mm) 
fy (MPa) fu (MPa)

Ф9 353.0 446.0 

Ф10 614.4 666.0 

Ф12 621.6 678.4 

Ф16 566.3 656.0 

Beam Details 
All deep beams had a section of 500 mm depth and 

200 mm width and 1500 mm length. The beam details 

and geometrical parameters are presented in Table 4 

and Figure 3 respectively. 

Table 4: The bars specification in fabricated specimens 

Beam’s number Tensile bar d(cm) a/d 

B1 3 Ф 9 43.55 0.92 

B2 3 Ф 10 43.85 0.91 

B3 2 Ф 10+2 Ф 12 46.90 0.85 

B4 2 Ф 10+2 Ф 16 46.20 0.86 

B5 2 Ф 10+3 Ф 16 47.00 0.85 

B6 1 Ф 8+4 Ф 16 45.50 0.88 

As shown in Figure 3, the anchorage of the main 

tensile reinforcements was enhanced by providing 90-

degree hooks at the bar ends to prevent bonding 

failure. 

Test Setup and Loading Process 
All tested specimens were simply supported and a 2 

points monotonic static loading protocol was applied 

on with a hydraulic jack. The arrangement of test 

setup is illustrated in Figure 4. 

Figure 3: schematic representation of one of the tested specimen 
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Figure 4: Test Setup arrangement 

The beams were positioned on two steel cylinders 

with 5" diameters to simulate the simply supported 

boundary conditions. After the beam was centred and 

levelled, the steel beam was placed on the test 

specimen, and the loading was applied at midpoint at 

20 KN intervals until the first crack occurred. 

During the loading process, care has been taken into 

account to make sure that the supports will remain 

regular and other types of failure would not happen. 

At each increment, the deflection values and strain 

gauge readings were taken. After each reading and 

observation, the next loading stage increment was 

repeated, until the failure or an important observation 

was made.  

Numerical Study 
Artificial Neural Network (ANN) is a machine 

learning technique that works like human brain. The 

main units of the network are neurons that are 

connected together in a complex manner. They act 

parallelly and work as numerical processors. All 

machine learning algorithms including ANN learns to 

solve the problems based on relationship between 

experimental data. The effect of connections between 

neurons indicates the weight of each connection. The 

schematic structure of an ANN is shown in Figure 5. 

Figure 5: Neuron model with R-element in input model

The effect of (P) on (a) is defined by the weight (W). 

The other input is 1 (the constant amount) that was 

multiplied in bios (b) and then added with WP. 

Based on the complexity of the problem, the 

architecture of the proposed ANN model can be a 

single or multi-layer network. The structure of the 

single and multilayer ANNs are shown in Figure 6. A 

typical multi-layer artificial neural network (MNN) 

includes  an input layer, output layer and hidden 

layers of neurons. MNNs are sometimes known as 

layered networks. 

 Figure 6: Single and multilayer network

In case of using MNNs, the computational ability will 

be significantly improved compared to a single layer 

ANN. In current study, the load-deflection analysis of 

six HSSCC deep beams with different parameter 

indicated in Table 5 has been discussed and the 

produced ANN model has been applied for deflection 

prediction of the deep beam. 

model has been applied for deflection prediction 

of the deep beam. 

Table 5: Different parameters of tested specimens in this study 

Item 
Parameters 

fcu a/d L0/d fyv fyh Av/bsv Ah/bsh ρ fy 

DB1 91.5 0.804 2.985 353.0 353.0 0.00640 0.00424 0.002191 353.00 

DB2 91.5 0.798 2.965 353.0 353.0 0.00640 0.00424 0.002690 614.40 

DB3 91.1 0.746 2.772 353.0 353.0 0.00640 0.00424 0.004090 618.00 

DB4 93.7 0.757 2.810 353.0 353.0 0.00636 0.00669 0.006040 590.35 

DB5 79.1 0.851 2.979 614.4 614.4 0.00785 0.00982 0.008088 585.54 

DB6 87.5 0.769 2.857 614.4 614.4 0.00785 0.00982 0.009380 523.64 
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Table 6: Properties of the selected network (five best architectures)

Net. 

Market. 

Neurons in 

Hidden Layer 
Training 

Function 

Adaption 

Learning 

Function 

Training Transfer Function 

In hidden layer 
Transfer 

Function in 

output layer H1 H2 H3 H1 H2 H3 

Net.1 10 1 - TRAINBR LEARNGDM Tansig Logsig - Purelin

Net.2 10 10 - TRAINBR LEARNGDM Tansig Logsig - Tansig

Net.3 10 5 - TRAINBR LEARNGDM Tansig Logsig - Purelin

Net.4 15 5 - TRAINBR LEARNGDM Tansig Logsig - Purelin

Net.5 15 5 - TRAINBR LEARNGD Tansig Logsig - Purelin

The parameters given in Table 5 are as follows: 

fcu = 28 days cylindrical strength of concrete 

a = shear span   

d = effective depth 

 L0 = overall length of tested beams 

b = the beam width 

fvy = the yield strength of vertical web reinforcement 

fhy = the yield strength of horizontal web 

reinforcement 

Av = the area of vertical web reinforcement 

sv = the distance of vertical web reinforcement 

Ah = the area of horizontal web reinforcement 

sh = the distance of horizontal web reinforcement 

ρ = the tensile bar percentage 

 fy = the tensile bar yield strength and 

The output load-deflection of B2 specimen was 

applied for network testing and the other deep beam 

outputs were used for verification and training stages. 

A total of 1084 data have been utilized to simulate the 

proposed network, 954 data for training process, 99 

data for verification, and 31 data for testing stage. The 

architecture of the proposed ANN model includes ten 

neurons in input layer (fcu , a/d , L0/d ,  fvy , fhy , Av/bsv , 

Ah/bsh , ρ , fy , & loading ) and one neuron in output 

layer (deflection). Feed-forward back propagation 

(FFBP) was constructed at the end of ANN. Twenty 

network architectures with different hidden layers and 

network functions have been selected from the five 

best networks as indicated in Table 6.  

Training Algorithms 
Bayesian Regularization (TRAINBR) & Levenberg-

Marguardt Backpropagation (TRAINLM) algorithms 

were used for network training at the final stage. 

TRAINBR algorithm indicated the best compatibility 

with the given problem. 

The Best Training and Transfer Function 
Various type of functions with different architectures 

were investigated. The tray consisted of TONSIG for 

the first hidden layer, LOGSIG for the second hidden 

layer, and PURLIN for the output were indicated as 

the best training and transfer functions. 

The Best Network Architecture 
The best architecture was calculated by testing of 

different number of neurons in hidden layers. To this 

end, SSE and MSE method were used to determine 

the minimum error. The (10-15-5-1) architecture 

indicating 10 inputs, 15 neurons in the first hidden 

layer, 5 neurons in second hidden layer, and 1 output 

was selected as the optimum architecture.  

Training 
954 of 1084 normalized data in [0,1] have been 

utilized for training procedure.  

Verification 
In the proposed model, the stopping time of 

calculation has been applied to 99 data to determine 

the network structure that has not been used in 

training. data verification has been checked frequently 

in training stage. The operation function will run till 

an increment in error percentage occurred in the 

verification process. 

Testing 
Final step will be the testing process. To this, 31 data 

were used for testing procedure after training and 

verification stages. 

Results and Discussion: 
Serviceability of a structure/infrastructure is normally 

determined by its deflection and cracking. In general, 

the deflections of deep beams are small compared to 

those of normal beams and it was also indicated that 

the stiffness of the beam elements will be enhanced 

with increase in the section height leading to brittle 

failure. In this study, the experimental deflection’s 

amount versus the load graphs are presented in Figure 

7.



Mohammad Mohammadhassani et al. / Prediction of Structural Response for HSSCC Deep Beams Implementing a Machine Learning Approach 

40 

A :( Beam B1)    B:(Beam B2) 

 C :( Beam B3)    D :( Beam B4) 

  E :( Beam B5)                                              F :( Beam B6) 

Figure7: The deflection of tested beams at the mid span 

As depicted in Figure 7, a linear trend existed up to 

the yielding point of longitudinal bars and the ultimate 

strength at failure in the beams. As illustrated, failures 

mainly occurred at the points where peak loadings are 

applied Such the phenomenon is the result of shear 

deformation and brittle failures in deep beam 

structural elements. The area under the entire load-

deflection diagram represents the absorbed energy 

during failure. The amount of this energy is a critical 

parameter for determining the structure’s ductility. In 

general, ductility of a structure is characterized by the 

deformation at which the structure fails under a given 

type of loading. As can be seen in Figure 7, the 

absorbed energy increased with increment in tensile 

bar percentage. 
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As stated in the literature, high economical expenses 

and the different behavior of deep beams led to 

behavior prediction of these elements; however, the 

use of ANN based models as an innovative approach 

is not yet investigated by others. Deep beam design 

and failure prediction are impressed by two main 

assumptions in design. Firstly, these structural 

elements do not follow the Bernoulli assumptions that 

suppose section of bending plate remains plain after 

loading. Due to this property, these structural 

elements exhibit more than one neutral axis depth 

(Mohammadhassani [29], Raya [8]). Thus, the 

prediction of deflection is not possible by the equation 

used for normal beams. 

Secondly, the shear deformation is dominated by 

failure in these structural element that lead failure in 

compression strut trajectories when the minimum 

tensile bar by codes are satisfied.  

To this, the use of ANN based model can be a rational 

approach to predict the structural response of these 

complex structural elements. Table 7 gives the 

specification of simulated ANNs. 

Table 7: The specification of input and procedure of networks 

The deep beams used to generate 

ANNs 

6 (B1, B2, B3, B4, B5, & 

B6) 

The deep beams used for training 

& verification 
5 (B1, B3, B4, B5, & B6) 

The deep beams used for testing 1 (B2) 

Number of data used for training, 

verification & testing 
954, 99, & 31 

The selected network architecture 
10-15-5-1 (output-hidden1-

hidden2-output) 

Training & learning function 
TRAINBR & 

LEARNGDM 

Training transfer function in 1st & 

2nd hidden layers 
TONSIG & LOGSIG 

Training transfer function in output PURLIN 

The training error for the five best networks, as shown 

in Table 6, was calculated and two important 

parameters [30]; the Mean Squared Error (MSE) and 

Root Mean Squared Error (RMSE) are presented in 

Figure 8. All network errors are in acceptable range 

and the Net.4 has the minimum error based on MSE & 

RMSE calculated values. The correlation coefficients 

for the 5 networks, are as well presented in Table 8, 

and were acceptable and closed to 1. 

Table 8: Network Correlation Coefficient 

Network Net.1 Net.2 Net.3 Net.4 Net.5 

Correlation Coefficient 0.986 0.990 0.985 0.992 0.990 

Figure 8: Calculated MSE & RMSE for the five best networks 

Figure 9: ANN response in deflection prediction Figure 10: Evaluation of target and deflection prediction 

 by ANN 

0

0.002

0.004

0.006

0.008

0.01

1 2 3 4 5

MSE

0

0.02

0.04

0.06

0.08

0.1

1 2 3 4 5

RMSE

Predicted Def = 1.020

Target - 0.033

R² = 0.992P
re

d
ic

te
d

 D
ef

le
ct

io
n

Deflection-Target

Net.4

L
o

a
d

in
g

-K
N

Deflection-mm

Net.4

Experimental

Network Results



Mohammad Mohammadhassani et al. / Prediction of Structural Response for HSSCC Deep Beams Implementing a Machine Learning Approach 

42 

As can be seen in figures 9 and 10, the feed forward 

back-propagation neural network, 10-15-5-1 (10 

inputs, 15 neurons in first hidden layer, 5 in second 

hidden layer and 1 output) was set as optimum 

network architecture. TRAINBR training function, 

LEARNGDM learning function, TANSIG and 

LOGSIS were set as training functions in the first and 

second hidden layer. PURLIN transfer function in 

output layer can predict the load-deflection diagram 

with minimum error of less than 1% and maximum 

correlation coefficient closed to 1.  

Conclusion 
In regard to the different survived ANNs in current 

study, the (Net. 4) architecture has been selected for 

deflection prediction in HSSCC deep beams. The 

below results indicated that the proposed simulated 

network is very efficient for load-deflection prediction 

of these complex structural elements.  

Training 
The training RMSE for the generated network 

calculated as 0.979%   

Verification 
The verification RMSE for the generated network 

calculated as 0.962%   

Testing 
The testing RMSE and correlation coefficient for the 

generated network calculated as 0.696% and 0.992 

respectively. 

Finally, the results of this study reinforce the notation 

that machine learning techniques including artificial 

intelligence based models are practicable for 

establishing relations between loads and structural 

responses for the HSSCC deep beams. 
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Smoothed Particle Hydrodynamic (SPH) is an attractive Lagrangian tool for 

simulating flows with large displacement at free surface boundary. Two 

widely used subcategories of this method are Weakly compressible SPH 

(WCSPH) and truly Incompressible SPH (ISPH) methods. Each method has 

its individual advantages while there is not yet a global agreement about the 

preference of one method to another one. In this study, accuracy, stability 

and efficiency of these methods are compared in simulating dam break flow 

as a well-known hydraulic problem. To decrease unrealistic particle 

fluctuation especially at free surface boundary, a practical solution is 

applied to both methods while keeping their total accuracy. In addition, 

different solid boundary treatments are studied and their effect on total 

accuracy and stability of SPH methods are investigated.  

Based on the results, both ISPH and WCSPH methods can model free 

surface profiles properly if a proper solid boundary treatment is utilized. 

Meanwhile, local surface fluctuations can be damped in both methods 

efficiently by means of the modified surface viscosity.  

By means of original versions, it is concluded that ISPH method is 

generally more stable and more accurate particularly in modeling pressure 

field than WCSPH method. In addition, it is shown that ISPH method is 

faster than WCSPH method in solving a dam break flow with equal number 

of particles. On the other hand, ISPH in its original version using the 

divergence-free velocity scheme suffers from density loss problem. Since a 

lot of modifications have been introduced till now to overcome defections 

of both methods, it is not fair to compare methods with different 

modifications and therefore, similar modifications are applied in this study. 

Meanwhile, it can be concluded that each method is growing and is going 

its own way through enhancement. 

Keywords: 

ISPH 

WCSPH 

Accuracy 

Stability 

free surface boundary 

1. Introduction
The Smoothed Particle Hydrodynamics (SPH) method

is a particle method in Lagrangian coordinate that was

originally introduced for the astrophysics by

Monaghan (1992). Large deformations at free surface

boundaries can be modeled efficiently by Lagrangian

particle approaches and contrary to the Eulerian grid

approaches, no numerical diffusion occurs in

Lagrangian methods due to solving advection term

directly. In addition, free surface profile can be easily

traced via this method. At first, Weakly Compressible

SPH (WCSPH) method applied to the fluid mechanics

by Monaghan and Kos (1999) and later,

Incompressible SPH (ISPH) method introduced by

Shao and Lo (2003) based on a semi-implicit

projection method. Gomez-Gesteira et al. (2010a) 

present the state-of-the-art of classical SPH for free 

surface flows and examined some improvement 

methods to classical SPH, especially for dam break 

problems. In WCSPH method, fluid is assumed 

compressible while incompressibility is ensured by 

means of pressure adjustment via equation of state. 

Lee et al. (2008) showed the efficiency of ISPH 

method particularly in improving the pressure field in 

comparison with WCSPH method. Later, several 

attempts have been made to improve the accuracy and 

functionality of ISPH method. Khayyer et al. (2008) 

revised the gradient of kernel function to improve the 

preservation of angular momentum. Xu et al. (2009) 

introduced a more stable method based on moving the 
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particles at the end of each time step through the 

streamlines and Rafiee et al. (2012) used modified 

Riemann solver to improve the accuracy of SPH 

methods.  

To overcome unrealistic pressure oscillation in 

WCSPH methods, several attempts have been done 

such as density reinitializing, iteration or grid scheme 

methods (Monaghan 1989, Colagrossi and Landrini 

2003, Fatehi and Manzari 2012, Violeau and Rogers 

2016, Sun et al. 2017). However, this problem can be 

solved by means of ISPH method too.     

Khayyer and Gotoh (2010b) modeled dam break flow 

using different modified forms of SPH, WCSPH and 

moving particle semi-implicit (MPS) methods. They 

concluded that the improved versions of these particle 

methods outperform the original versions in terms of 

both free surface profile and pressure field. According 

to their results, the WCSPH method modified using a 

moving least square (MLS) density re-initialization 

technique results in smoother pressure field than the 

modified MPS method. However, a distinctive 

disadvantage of WCSPH method in comparison with 

two other methods is that WCSPH methods need 

calibration constants. Khayyer and Gotoh (2010b) 

showed the importance of selecting a proper artificial 

viscosity in WCSPH methods. Later, Szewc et al. 

(2012) compared ISPH and WCSPH through 

simulating lid-driven cavity flow. They neglected the 

stability of pressure term and concluded that WCSPH 

needs more computational cost while density error 

accumulation occurs in the original forms of ISPH 

methods. However, the mentioned errors can be 

removed by means of relaxation coefficient or 

imposing additional viscosities (Lee et al. 2008, Xu et 

al. 2009, Asai et al. 2012, Akbari, 2017). Using higher 

orders Poisson Pressure Equation (PPE) or particle 

shifting can also improve the results of ISPH 

(Khayyer et al. 2017, Khayyer and Gotoh 2010a). 

Although ISPH method are concluded to be more 

efficient than WCSPH method in some of the studies 

(Lee et al. 2008, Lee et al. 2010, Gotoh and Khayyer, 

2016), there is not yet a global agreement about this 

issue. Hughes and Graham (2010) by simulating dam 

break and wave impact on vertical wall concluded that 

in the optimum configuration, WCSPH could perform 

as well as ISPH and even in some respects better than 

ISPH. There is a similar conclusion in Shadloo et al.’s 

(2012) study where the accuracy of WCSPH method 

is mentioned as reliable as those of the ISPH and 

FEM. In addition, by comparing the numerical results 

with laboratory data corresponding to dam breaking 

flow, Lee et al. (2008) reported more unreliable 

fluctuations at the surface boundary in the case of 

utilizing ISPH method than WCSPH method. 

Meanwhile, Akbari (2017) introduced an efficient 

method that is applicable in both WCSPH and ISPH 

methods to control these unrealistic fluctuations at 

free surface profile. Gomez-Gesteira et al. (2010b) 

reported these ongoing debates among the SPH 

community about the different approaches to treat the 

compressibility of the fluid and proves that additional 

research should be conducted to elucidate the pros and 

cons of the different approaches.

In this study, performance of ISPH and WCSPH 

methods in modeling a well-known dam break flow is 

studied and it is tried to clarify the main reasons of 

different conclusions in literatures. In next sections, 

after presenting basic equations and numerical issues, 

different numerical concerns including accuracy, 

stability, boundary conditions and computational cost 

of both ISPH and WCSPH methods are investigated 

and reported separately. Then, the main outcomes are 

summarized in conclusion part. 

2. Governing Equations and Numerical models

2.1. Governing Equations
The well-known continuity equations for fluids are:

0.
1

 f
w

w

U
Dt

D 


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0.  fU
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Where, w and fU


are density and velocity of the 

fluid, respectively. For a turbulent viscous flow, the 

Lagrangian format of momentum equation is: 
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Where, P  and g


 represent total flow pressure and 

gravitational acceleration vector, respectively. Terms 

on the right hand side of Eq. (3) represents the 

pressure force caused by the pressure gradient, the 

viscous force and the gravitational acceleration, 

respectively. The effective viscosity TwE   is 

summation of fluid kinematic viscosity w (1.0 E-6

for water) and Smagorinsky turbulent viscosity T . 

 2.2. WCSPH and ISPH: Explicit and Semi-implicit 

methods 

In WCSPH method, little compressibility is applied on 

the fluid via equation of state such as one proposed by 

Monaghan (1994) to calculate the pressure term:  


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
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7
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swV
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
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Where   and w are computed and reference fluid

density, respectively. sV  is the sound velocity 

normally taken as ten times the maximum fluid 

velocity as reported by Lee et al. 2008 to limit the 

density variation to one percent. Because of the large 

speed of the sound and implemented power 

coefficient in Eq. (4), a small fluctuation in the 

density generate a large pressure between two 
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adjacent particles and keep them away. Then, the 

particle velocity in the next time step (n+1) can be 

calculated explicitly based on the forces from the 

previous time step (n) i.e. 
nF and the selected time 

step t  as: 

gUPF

tFUU
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fE

n

w

n

nn
f
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f
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The predictor corrector time stepping method is 

applied in this study for WCSPH method.  

On the other hand, in the ISPH method, fluid 

incompressibility is imposed by means of semi- 

implicit projection method as introduced by Shao and 

Lo (2003). Density invariant (DI) method and 

divergence-free velocity (DV) method are two main 

categories of the projection methods. Xu et al. (2009) 

reported that DV method is more accurate than DI 

method as utilized in this study. In this method, an 

intermediate velocity 
*
fU


 is used and the momentum 

equation is written in two equations their summation 

generates the complete form of the momentum 

equation. 
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By means of Eq. (6), intermediate velocity is obtained 

explicitly as:  

 nfE
n
ff gUtUU


 2*  (8) 

After Applying the divergence operator on both sides 

of Eq. (7) and considering a free divergence criterion (

0. 1  n
fU


), the unknown pressure term at the next 

time step ( 1nP ) can be obtained by solving the 

obtained system of linear equations as: 
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This system is solved in this study by means of the 

Preconditioned Bi-conjugate Gradient Stabilized 

Method with Jacobi pre-conditioner as an iterative 

method with the converged normalized residual as 

0.01. Then, the particle velocity is obtained simply by: 


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After computing the velocity of particles at the new 

time step (by means of WCSPH or ISPH), each 

particle moves to its new position ( 1nr


) by making 

use of the averaged velocity as: 
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2.3. SPH principles  

In SPH method, each arbitrary function )(xf  is 

estimated at particle i  by 


j

jijjii VWxffxf )()( ; 
j

j

j

m
V


 (12) 

Where, j  denotes neighboring particles and ijW is 

the value of kernel function of particle i  at the 

position of particle j . Supporting domain of each 

particle is a function of smoothing length ( h ) of the 

kernel function. Selection of smoothing length is 

important. Large values increase the computational 

cost and increase the smoothing effects on the results. 

On the other hand, small values of this parameter may 

results in numerical instabilities due to no interaction 

between two adjacent particles. In this study, the 

effect of this parameter is studied and its default value 

is selected as 1.2 times of particle spacing according 

to other studies (Shao 2010, Khayyer et al. 2008, Price 

2012). In this study, cubic B-Spline kernel function 

with dominant error of )( 2hO  in integral interpolant 

is used as proposed by Monaghan (1992). In SPH 

methods, the computational domain is divided to 

several particles and each particle i  represents a mass 

of im and occupies a volume of iV . Density of the

fluid at that particle is i  and is obtained based on the 

concentration of its neighbor particles j by means of 

density summation method i.e. 


j

ijji Wm (13) 

Or, by making use of density variation method which 

is based on the mass continuity equation in WCSPH 

method:  





ij

ijiijj
i Wum

Dt

D
).(


(14) 

In this equation, gradient of kernel function taken with 

respect to the particle i ( ijiW


) is used and 

fjfiij UUu


 where fiU


and fjU


are particle 

velocities. Based on SPH algorithm, pressure gradient 

and velocity divergence is estimated as (Monaghan, 

1992): 
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Where 
*
fiU


and 

*
fjU


are intermediate velocities at 

particle i  and j , respectively. Viscosity term can be 

estimated by combining the first derivative of SPH 

and FDM methods as discussed by Shao and Lo 

(2003):  
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In this equation, jiij rrr


  where ir


and jr


 are the 

position vectors of the particles and h1.0  as 

proposed by Lee et al. (2008). Ei and Ej are

effective viscosity of particle i  and j , respectively. 

Similarly, the pressure gradient can be estimated as:  
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Where, jiij PPp  . Eq. (18) is actually the discrete 

form of Eq.(9) and therefore, it is not applicable in 

WCSPH method where the pressure is obtained using 

the equation of state instead of solving the presented 

system of linear equations. On the other hand, angular 

momentum is not preserved in the common SPH 

method. However, this problem can be solved by 

correcting the kernel gradient via applying a 

corrective matrix iL


 as introduced by Bonet and Lok 

(1999). Khayyer et al. (2008) extended this 

improvement into SPH method and concluded that 

any linear velocity field gradient would be exactly 

evaluated via employment of the corrected kernel 

function as: 

 ( )i ij j i ij j i i ij
i

W V W r r W      (19) 

This correction factor is applied on the kernel gradient 

in this study for both WCSPH and ISPH methods to 

improve the accuracy of the equation discretization.  

2.4. Tensile instability, artificial and surface 

viscosity  

Tensile instability is one of the difficulties of the 

standard SPH where the particles attract each other 

and make unrealistic clumps when the fluid is 

compressed. Swegle et al. (1995) defined the criteria 

of this instability based on the negative pressure and 

the sign of the second derivative of the interpolating 

kernel. As a result, if distance between to pair 

particles gets closer than 3/2h  in the case of using

Cubic-Spline kernel function that is used in this study, 

these particles attract each other and perform a tensile 

instability. Dehnen and Aly (2012) reported less 

instability in the case of implementing Wendland 

kernel function. In addition, Monaghan (2000) 

suggested that the SPH tensile instability can be 

removed by implementing a small repulsive term 

between the SPH particles and this solution is used in 

this study for sensitivity analysis. He used a small 

artificial pressure even if the pressure was positive to 

remove the tendency of particles in forming the local 

linear structures.  

Monaghan (1992) introduced artificial viscosity for 

making the SPH numerical model stable. He 

suggested replacing the artificial viscosity with the 

effective viscosity term in the momentum equation by 

the following definition:  

2
2

.2 .
. : . 0

ij ijs
ij ij ij

i j ij

hu rC
if u r

r



  


  

 
(20) 

Where  is an empirical coefficient that is set to 0.1

in this study. If it is necessary to use artificial 

viscosity instead of effective viscosity, the viscosity 

term in the momentum equation should be considered 

as: 

ijiij

ij

jart Wm  



(21) 

Main drawback of this type of artificial viscosity is 

that utilizing improper coefficients can generate 

additional unrealistic damping throughout the whole 

flow domain. To limit the damping effect only to the 

surface boundary where the results of SPH method is 

not realistic due to the kernel truncation, a local 

surface viscosity is utilized in this study. The concept 

of surface viscosity was introduced by Xu (2010) and 

later, its workability was improved by the 

improvements suggested by Akbari (2017). In the 

modified surface viscosity method, the viscosity of 

surface particles is replaced with a modified viscosity 

as sartEm    where the effective viscosity 

)( E is the summation of laminar and turbulent

viscosities and the surface artificial viscosity )( sart

is defined as: 

f

f

ssart U
U

U

dr ..).(
max

2
0   (22) 

0dr is the initial particle spacing and maxU is the 

absolute of the maximum particle velocities at each 

time step. s is a damping coefficient that controls

the influence of the artificial viscosity and it is 

selected as unity as recommended by Akbari (2017). 

This type of surface viscosity is applicable in both 

ISPH and WCSPH methods and in contrast to the Xu 

(2010)’s approach, it can be used in variety of models 

with different accuracies and the damping coefficient 

has been defined via a rigorous method. For example, 

in an ideal model with a free divergence velocity 

condition, no excess viscosity is applied to the model. 
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In addition, the surface viscosity is a function of local 

inaccuracy and therefore, it varies from a particle to 

another one as a function of their local inaccuracies. 

The workability of this modified method in damping 

unrealistic fluctuation at free surface boundary is 

investigated in this study too. It was shown by 

Khayyer et al. (2008) that unrealistic surface 

fluctuation can be decreased by use of modified 

gradient kernel and particle surface tracking would be 

improved accordingly. This modification is also used 

in this study to conserve the angular momentum and 

its efficiency in damping surface fluctuations is also 

investigated.    

2.5. Calculation time-step 

CFL, mass force and viscous force are the three 

criteria used for calculating the time step that varies 

during the simulation as:  

2
2

maxmax

.

;;;min






























ij

ijij

visc

visc

t

a

tt

r

ru

hU

h

f

h

U

x
t



 (23) 

af is the force per unit mass of the fluid that is equal

to the minimum magnitude of particle accelerations 

and t  is set to 0.1 in our numerical models. maxU  is 

maximum velocity of particles in ISPH method and

celerity of sound (numerically 10 times the maximum 

velocity) in WCSPH method.  

2.6. Free surface boundary 

SPH integration is not accurate at the free surface 

boundary because the kernel function is truncated at 

this boundary. As a result, predicted density of surface 

particles via Eq. (13) is less than the actual water 

density. This shortcoming is utilized at each time step 

to detect particles located at free surface boundary. In 

other words, a particle i  is located at the free surface

boundary if its predicted density fulfills (Shao and Lo 

2003):   

9.0;  surfwsurfi  (24) 

After recognizing the surface particles, their pressure 

set to zero. In addition, a surface viscosity as 

introduced in Eq. (22) is applied to the surface 

particles to diminish any unreliable fluctuation.   

2.7. Solid boundary 

Different methods have been introduced for modeling 

solid boundary particles and several attempts have 

been done to make these methods more accurate. 

Generally, one line of fixed particles is used to model 

a solid boundary condition and to make density of 

these particles different from the truncated density of 

surface particles; several lines of dummy particles are 

also applied parallel to the main solid boundary line to 

remedy the truncation error. Ferrari et al. (2009) 

combined different methods to get more reliable 

results near the wall boundary and Ferrand et al. 

(2012) improved modeling of solid boundaries by 

normalizing density of particles near this boundary. 

Several other methods have been introduced too; 

however, all of these methods can be categorized in 

three general groups as repulsive force methods 

(Monaghan 1994), fixed dummy particle methods 

(Shao and Lo 2003) and mirror particle methods 

(Colagrossi and Landrini 2003). In the first method, a 

repulsive force exerts on those fluid particles getting 

close to the solid boundary. In the second method, 

governing equations are solved for solid boundary 

particles as well as fluid particles and therefore, 

internal pressure will be increased when fluid particles 

get close to the boundary particles and prevent them 

from penetrating into the solid boundary. Boundary 

particles are fixed in this method and the pressure of 

outer dummy particles is set equal to the pressure of 

nearest wall particle to impose the homogenous 

Neumann boundary condition. The last method is 

based on considering mirror particles outside the solid 

boundary while their parameters are equal to the 

mirrored parameters of fluid particles closing to the 

solid boundary. Therefore, when a particle gets close 

to a solid boundary, it will sense its mirrored particle 

and pressure will be increased accordingly. 

Consequently, this method is comparable with the 

second method because the pressure term is modified 

by means of solving governing equations instead of 

imposing extra repulsive force. Therefore, the 

accuracy of repulsive force method in comparison 

with artificial particle method is investigated in this 

study.  

Following Monaghan (1994), when distance between 

fluid particle and solid boundary particle get less than 

a defined value of br , in repulsive force method, an

extra force (
R

ijF ) exerts on the pair particle as:

    bij

ij

ijn

ijb

n

ijb
R

ij rr
r

r
rrrrDF 





 







;//
21

(25) 

Where, 1n  and 2n  are empirical coefficients that are 

suggested by Monaghan (1994) as 12.0 and 4.0, 

respectively and D  is an empirical parameter that 

depends on the considered case for simulation.  

3. Accuracy of WCSPH and ISPH methods
Well-known dam break flow is selected to study the

performance of WCSPH and ISPH methods in

modeling free surface flows. Accuracy of simulated

surface profile and pressure term are investigated and

the effects of different terms are discussed. Following

Akbari (2017), the geometry of the problem is

selected as indicated in Fig.1. The bed is wet with
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depth of 0.02m and height and width of the initial 

water column are 0.25m and 0.28m, respectively. 

Total number of particles is 3280 with initial spacing 

as 0.005 and the total simulation time is selected as 

3.2s. The simulations have been carried out on a 

Core2 Duo CPU T7500, 2.13 GHz and RAM 2.0 GB 

Laptop. 

Figure 1. Initial geometry for dam break simulation 

The density summation method as Eq. (13) have been 

used and the simulated results at t=0.3s are shown in 

Fig. 2 for WCSPH with artificial viscosity as Eq. (21) 

and ISPH methods with artificial viscosity and 

modified surface viscosity as Eq. (21) and Eq. (22), 

respectively. Solid line shows the free surface profile 

modeled with WCSPH method. As shown in Fig. 2(a) 

and Fig. 2(b), the simulated surface profiles are nearly 

similar in both WCSPH and ISPH methods with 

artificial viscosity. Yet, the pressure fluctuation in 

WCSPH method is significantly more than fluctuation 

in ISPH method. For example, time series of the 

simulated pressures at a point on the tank floor (red 

point in Fig.2 at x=0.4m,z=0.0) are depicted in Fig. 3. 

Although both methods have resulted in nearly same 

averaged values, high fluctuations are generated in 

WCSPH method. Since equation of state is used to 

calculate the pressures of each individual particle in 

WCSPH method, a little inaccuracy in particle density 

can generate a significant local error in the pressure 

term. Actually imposing incompressibility in WCSPH 

done via pressure adjustment and during this 

procedure pressure accuracy sacrifices. On the other 

hand, a system of linear equations is solved in ISPH 

method to calculate the pressure and therefore, the 

fluctuations in ISPH results are less accordingly. It 

should be noted that the theoretical background of 

ISPH in deriving the incompressible equations is more 

robust than empirically introduced equation of state in 

WCSPH method. However, a divergence-free velocity 

ISPH method is implemented in this study that can 

suffer from conserving continuity equation during the 

simulation.  

Figure 2. Simulated pressure at t=0.3s: a:up)WCSPH with 

artificial viscosity; b:middle) ISPH with artificial viscosity; 

c:down) ISPH with effective viscosity; (Solid line shows the 

surface profile in “a”), results are compatible with Akbari 

(2017) 

Figure 3. Time series of the simulated pressures (at x=0.4m, 

z=0.0m) using WCSPH and ISPH with the same artificial 

viscosity 

To further investigate the results, density conservation 

during the simulations are calculated and the error in 

the mean values (averaged density of all particles at 

each time step) are presented in Fig. 4 for both 

methods. It can be seen that the utilized WCSPH 

method is more accurate in conserving mass during 

the simulation than the utilized ISPH. The maximum 

errors in the mean density in WCSPH and ISPH 

methods are nearly 2% and -3%, respectively. It 

should be noted that local density fluctuations exist 

yet in WCSPH method; however variation of the 

mean density is smoother due to averaging between 

all particles. In other words, although density (and 
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consequently pressure) fluctuation at each particle is 

more in WCSPH than in ISPH, the total mass 

conservation is better satisfied in WCSPH model. 

Figure 4. Error in the mean density using WCSPH and ISPH 

with the same artificial viscosity 

As discussed by Szewc et al., (2012), mechanism of 

the density error in ISPH and WCSPH methods is 

completely different. Using an equation of state in 

WCSPH method generates local errors, while 

movement of particles with a velocity projected onto a 

divergence-free space with no constraint on density 

variation causes accumulated density errors in ISPH 

method. Therefore, the error of WCSPH in Fig.4 has 

reached to a stable point earlier than ISPH method. 

This drawback of ISPH can be corrected using a 

density invariant scheme, yet suffering from errors in 

velocity divergence field. Some improvements such as 

combining these two schemes (Xu et al., 2009) or 

using higher order source terms in equations (Gotoh et 

al., 2014) were introduced to overcome these 

problems of ISPH method. On the other hand, some 

improvements such as normalizing particle densities 

or using a smoothed density (Hughes and Graham, 

2010) were introduced to overcome the problem of 

local variations in WCSPH method. There are also 

other modifications such as particle shifting or density 

normalization applicable to both methods to improve 

density conservation during the simulation. Since a lot 

of modifications have been introduced to improve 

ISPH and WCSPH methods, models with a similar 

condition are utilized in this study for making a fair 

comparison. 

4. Stability of WCSPH and ISPH methods
Although ISPH method is shown to be more robust

and more accurate than WCSPH method particularly

in simulating pressure term, using a global artificial

viscosity can damp the real flows as a result of the

utilized artificial viscosity (  ). As mentioned 

before, artificial viscosity is used to stabilize the 

numerical solution. However, high artificial viscosity 

will generate unrealistic damping and inadequate 

empirical coefficient may affect the model accuracy 

(even in predicting surface profile). The importance of 

selecting an appropriate artificial viscosity in 

modeling dam break flows has been studied by 

Khayyer and Gotoh (2010b). Although the empirical 

coefficient (  ) can be calibrated via experimental 

studies, laboratory data are not always available and 

therefore, the better solution is implementing effective 

viscosity instead of artificial viscosity. Considering 

effective viscosity, simulated pressure pattern by 

means of ISPH method is shown in Fig. 2(c). By 

comparing Fig. 2(b) with Fig. 2(c), it is clear that a 

sharp wave profile can be modeled more clearly by 

means of implementing effective viscosity rather than 

artificial viscosity. On the other hand, by comparing 

the free surface profiles, it can be concluded that an 

extra damping has been occurred in the case of using 

artificial viscosity. 

In addition to the additional viscosities, the smoothing 

length in kernel function can affect the results and 

control the numerical stability of the methods. If 

higher (doubled) smoothing length as 04.2 drh   is 

taken into account instead of 02.1 drh  , surface

profile will not be as smooth as before because more 

particles may stick together as a result of tensile 

instability problem. Particle clustering during wave 

breaking is shown in Fig. 5(b) while there will be no 

problem if less smoothing less is used in simulation as 

Fig. 5(a). A part of the wave profile is presented in 

higher resolution in this figure to clarify particle 

clustering. Actually, when particles get closer than a 

specific distance (i.e. 3/2h  in the case of using 

Cubic-Spline kernel), they will affected by tensile 

instability problem and if higher smoothing length is 

utilized more particles may be surrounded making the 

results inaccurate while the simulation is still stable. 

However, the WCSPH method is not stable and the 

simulation diverges as presented in Fig. 6(a) if 

effective viscosity is used without any stabilization 

technique. As shown in this figure, in addition to 

solution divergence, tensile instability is performed 

even by means of 02.1 drh  and some particles are 

moving as a collocation surrounded inside the kernel 

function. This instability does not happen in ISPH 

method, however, if higher smoothing length is used, 

more particles may stick together and make even 

ISPH solution unstable. Although this problem can be 

solved by means of tensile correction technique, 

WCSPH method is unstable yet because of effective 

viscosity as shown in Fig. 6(b). This means that 

particle collocation due to tensile instability can be 

removed by decreasing the smoothing length in both 

ISPH and WCSPH methods, however, WCSPH can 

be yet unstable and there is a need to use artificial 

viscosities for making this method stable. On the other 

hand, decreasing the smoothing length is limited and 

inadequate reduction can lead to insufficient 

contribution of neighbor particles than will results 

finally in divergence problems during the solution. 
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Figure 6. Simulated pressure by WCSPH method and effective 

viscosity at t=0.2s; a:up) without tensile correction; b:down) 

with tensile correction 

5. Surface boundary and local fluctuations
According to the results, ISPH method is more stable

than WCSPH method and it is also more reliable

particularly in predicting pressure term. However,

unreliable surface fluctuation may occur even in ISPH

method. Although this problem can be solved by

means of artificial viscosity as introduced by

Monaghan (1992), accuracy of the results will be

decreased by artificial viscosity as declared before. An 

effective method in controlling unreliable surface 

fluctuation is implementing additional surface 

viscosity as introduced by Akbari (2017) via Eq. (22). 

The effect of imposing surface viscosity in reducing 

particle jumps near free surface boundary is presented 

in Fig. 7.  

Figure 7. Simulated dame break flow by ISPH method at 

t=0.5s; a:up) non-viscous; b:down) modified surface viscosity  

Figure 5. Particles during simulated wave breaking by ISPH method and effective viscosity at t=0.3s; 

a:up) 02.1 drh  ; b:down) 04.2 drh 

(a) 

(b) 

(a) 

(b) 

/p g
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As shown in Fig. 7(a), if no viscosity is applied to the 

fluid, particles will move in a disordered condition 

particularly near the surface profile. However, these 

movements are controlled by means of imposing 

surface viscosity as indicated in Fig. 7(b) and a 

smoother surface profile has been modeled. It should 

be noted that utilizing very large damping coefficient 

can yet results in a global damping similar to the 

effect of imposing traditional artificial viscosities. 

Khayyer et al. (2008) showed that unrealistic surface 

fluctuation could be decreased by means of modified 

gradient of kernel function. This modification is 

considered in this study because angular momentum is 

preserved by this modification. However, its 

efficiency in smoothing the surface profile should be 

studied more in comparison with the surface viscosity. 

Pressure contours in addition to surface particles are 

presented in Fig. 8 during wave breaking at t=0.3s. 

As shown in Fig. 8(a), wave profile is straggly if 

neither kernel gradient modification nor surface 

viscosity is used and this uneven behavior will not be 

solved by use of kernel gradient modification as 

presented n Fig. 8(b). However, as shown in Fig. 8(c), 

a smooth wave profile can be simulated by means of 

surface viscosity even if no kernel modification is 

utilized. 

In addition, if both modified kernel gradient and 

surface viscosity are used, simulated wave profile will 

be smooth and no fluctuation will be seen in the 

surface profile according to Fig. 8(d). Both of these 

modifications shall be used in numerical modeling 

because surface fluctuation can be efficiently removed 

by means of the surface viscosity while angular 

momentum can be preserved via modified gradient of 

kernel function. Although unreliable surface 

fluctuation may be decreased by utilizing modified 

kernel gradient, the effect of the surface viscosity in 

controlling the surface profile is clearly more 

significant and the model accuracy will be conserved 

by this modification. It should be noted that a general 

damping effect can be generated by means of 

imposing an artificial viscosity (as was indicated in 

Fig. 2(b)), however, no general damping has been 

occurred in the case of using surface viscosity (as 

indicated in all the cases in Fig. 8).   

It can be concluded that by means of surface viscosity, 

surface fluctuation will be damped and there is no 

need to use stabilizing methods such as artificial 

viscosity. 

Figure 8. Simulated dame break flow by ISPH method with effective viscosity at t=0.3s; a) Without any modification; 

b) modified kernel; c) modified surface viscosity; d) modified kernel and surface viscosity

b) Surface viscosity: No

Kernel correction: Yes

c) Surface viscosity: Yes

Kernel correction: No

d) Surface viscosity: Yes

Kernel correction: Yes

a) Surface viscosity: No

Kernel correction: No
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6. Solid boundary treatments
Both repulsive boundary and dummy boundary

methods are used in this study to simulate dam break

flow (fluid dam with 0.2m height and 0.1m width in a

box with 0.3m length) by means of both WCSPH and

ISPH methods. Initial particle spacing is set to 0.005m

and the results of simulation by making use of dummy

particle method are shown in Fig. 9 at t=0.3s. In this

figure, ISPH result is shown with two WCSPH results

based on density summation and density variation

methods as Eq. (13) and Eq. (14). Similar to simulated

dam break flow in the previous section, surface profile

is nearly alike in the results of both ISPH and WCSPH

method based on density summation method but,

density variation method is not an accurate as density

summation method in predicting particle positions and

as shown in Fig. 9(c), particles are not uniformly

distributed in the fluid domain that shows

incompressibility criteria will not be satisfied

completely if density summation method is used.

However, dummy particle method can be utilized

efficiently in modeling solid boundary both in

WCSPH and ISPH methods and there is no particle

penetration into solid boundary by means of this

method.

Contrary to dummy particle method, there are some

empirical parameters in the repulsive boundary

method. The force coefficient ( D ) and covered 

distance ( br ) are two important parameters that 

influence on the amount of repulsive force and define 

those fluid particles that the repulsive force should be 

exerted on. To study the efficiency of the repulsive 

force method, different simulation results for dam 

break flow is shown in Fig. 10 by considering 

different empirical parameters and utilizing WCSPH 

method. As shown before, solid boundary can be 

simulated properly by dummy particle method in 

WCSPH method that is however less accurate than 

ISPH method. In Fig. 10(a), empirical coefficients are 

set in a way to have no particle penetration to solid 

boundary (i.e. 44,2.1 0  EDdrrb ). If small 

distance is used (i.e. 001.0br ), fluid particles will 

not affected by the repulsive force at a proper time 

because they are too close to the boundary when they 

receive the repulsive force and fluid particles will 

penetrate into solid boundary accordingly as shown in 

Fig. 10(b). In addition, if repulsive force does not 

properly set fluid particles will pass through the solid 

boundary as shown in Fig. 10(c). In this figure, 

considered repulsive force is less than what is required 

for preventing particles from penetrating into 

boundary. On the other hand, if large repulsive force 

is taken into account, extra force will be exerted on 

the fluid particles make particles reflecting back from 

the boundary with an unreliable velocity. Therefore, 

the efficiency of the repulsive boundary method 

depends on its empirical coefficients and unrealistic 

results may be obtained by means of utilizing 

inadequate parameters. However, this difficulty does 

not happen in dummy particle method because actual 

fluid pressure is used to satisfy boundary condition.  

Figure 9. Simulated dam break at t=0.3s with dummy particle method; 

 a:left) ISPH; b:middle) WCSPH with density summation, c:right) WCSPH with density variation 

Figure 10. Simulated dam break at t=0.3s with repulsive method; 

 a:left) (rb=1.2dr0, D=4E-4); b:middle) small distance: (rb=0.001, D=4E-4); c:right) small repulsive force: (rb=1.2dr0, D=4E-6) 

(a) (b) (c) 

(a) (b) (c)
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7. Computational cost of ISPH vs. WCSPH
Computational times of ISPH and WCSPH methods

are compared in modeling the dam break flow with

initial condition in Fig. 1. Different special resolutions

are also selected to study the computational cost of

SPH methods versus number of particles. All the

simulations have been performed on a Core2 Duo

CPU T7500, 2.13 GHz and RAM 2.0 GB Laptop.

The required CPU times for different cases are

presented in Table 1 and Fig. 11. As shown in this

figure, ISPH method is more computationally efficient

than WCSPH for all of these cases. It should be noted

that similar search algorithm (i.e. linked list method)

is used for searching neighbor particles and a similar

time step based on Eq. (23) is implemented.

According to the transient behavior of the flow,

maximum flow velocities and consequently minimum

time steps change continuously during simulations.

According to the time step criteria defined in Eq. (23),

minimum time step will be decreased if higher

velocity is observed in the simulation. For calculating

the time step, speed of sound is taken into account in

WCSPH method while maximum flow velocity is

used in ISPH method. Therefore, time step is less in

WCSPH method than in ISPH method.

Figure 11. Computational cost of ISPH and WCSPH in 

simulating dam break flow 

Total computational cost depends on both time step 

increment and computational cost per time step. Time 

step increment is related to flow behavior as defined 

in Eq. (23) while computational cost per time step is 

related to the implemented algorithm as well as 

efficient programming. According to Table 1, 

averaged time step in simulating the case II by ISPH 

method is approximately eleven times more than 

required time step in WCSPH, however, ISPH method 

is only six times faster than WCSPH method 

(11322/1867). The main reason is more computational 

cost per time step in ISPH method that is due to 

solving a system of linear equations in ISPH method. 

In other words, for the mentioned case (case II), 

computational cost per time step in ISPH method 

should be nearly two times (i.e. 11/6) more than what 

is in WCSPH method to decrease the total ratio of 

CPU time from eleven to six. Time step can be 

calculated simply, yet researchers might consider 

various algorithms that influence on the computational 

cost per time step. In addition, ratio of the required 

computational cost of ISPH and WCSPH is a function 

of the number of particles. Although ISPH is 

generally faster than WCSPH, the efficiency ratio is 

less for larger number of particles. For example, in 

case I with larger number of particles, ISPH is 5 times 

faster than WCSPH while in case II it is 6 time faster. 

Since WCSPH programming is simpler than ISPH and 

most of its programming techniques exist in ISPH 

method too, it can be concluded that the most 

important issue in comparing computational cost of 

ISPH method against WCSPH method is the utilized 

technique in developed ISPH model. The main 

distinguishing item in ISPH method is solving linear 

equations that are not performed in WCSPH method. 

Since dimension of this linear system is equal to the 

square of particle numbers (i.e. pp nn  ), 

computational cost of ISPH method would be more 

sensitive to the number of particles in comparison 

with WCSPH method. As shown in Fig. 11, ISPH 

computational cost is proportional to 
7.1

pn while the 

power of particle numbers is 1.5 (instead of 1.7) in 

case of WCSPH method. Therefore, in case of 

utilizing very large number of particles, WCSPH 

method can become more efficient than an ISPH 

method that works with a sensitive solver to the 

number of particles. In addition, parallel 

programming, as a good solution for solving large 

number of particles, can be applied simpler to 
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Table 1. Computational cost of ISPH and WCSPH in simulating dam break flow 

Case dx0 No. of 

particles 

Computational cost (s) Averaged time step (s) 

ISPH WCSPH WCSPH/ISPH ISPH WCSPH ISPH/WCSPH 

I 0.0025 11861 15520 77102 4.97 1.80E-04 1.60E-05 11.25 

II 0.005 3280 1867 11322 6.06 3.80E-04 3.40E-05 11.18 

III 0.0075 1461 418 3372 8.07 7.30E-04 5.20E-05 14.04 

IV 0.01 820 165 1422 8.62 9.50E-04 7.20E-05 13.19 

V 0.012 560 77 810 10.52 1.30E-03 8.30E-05 15.66 
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WCSPH than to ISPH. 

The results show that the utilized ISPH is faster than 

WCSPH method in solving common dam break flows. 

This is compatible with the results of some previous 

studies such as Lee et al. (2008) and Lee et al. (2010) 

that have reported a shorter CPU time for ISPH than 

WCSPH in the order of (2 to 20) times. However, 

these values depend on the utilized programming 

techniques as well as the number of particles. This is 

why different researchers have reported dissimilar 

computational costs for ISPH versus WCSPH method.  

8. Conclusions
The accuracy, stability and efficiency of both WCSPH

and ISPH methods are compared in this paper by

means of simulating dam break flow. In addition,

modeling of free surface and solid boundaries are

studied to introduce an effective technique in

modeling boundaries. Computational costs of these

methods are then compared in solving a similar

problem. It should be emphasized that each method

has its individual advantage and drawbacks and a lot

of modifications have been introduced to amend

drawbacks. Meanwhile, original forms or similar

modifications are taken into account in this study to

get fair comparison results and discover intrinsic

drawbacks. Based on the results:

a) Simulated free surface profile is nearly similar

in both ISPH and WCSPH methods. However,

simulated pressure is not accurate in WCSPH method

while no unrealistic pressure fluctuation occurs in

ISPH method.

b) Unrealistic fluctuation of surface particles can

be removed by means of the surface viscosity while

keeping the model accuracy. In simulated cases, the

effect of surface viscosity in smoothing surface profile

is more significant than modifying the gradient of

kernel function.

The results of WCSPH method are more accurate in

case of utilizing density summation method in

comparison with utilizing density variation method.

Although density fluctuation at each particle is more

sensible in WCSPH than in ISPH method, the total

mass continuity is better satisfied in original form of

WCSPH method than in original form of ISPH

method written based on divergence-free velocity

scheme.

c) Dummy and mirror particle methods are more

accurate than repulsive force method in modeling

solid boundaries.

d) ISPH method is generally more stable than

WCSPH method. Although artificial viscosity can be

used to stabilize WCSPH method, the model accuracy

will be decreased in this situation.

e) Both models will be unstable in case of

utilizing small smoothing length because of

insufficient number of interaction particles; however,

tensile instability may occur in addition to unreliable 

smoothing effect if improper large smoothing length 

is utilized. Therefore, smoothing length is proposed as 

1.2 times of the initial particle spacing.     

f) Time step and computational cost per time

step are two important items in total efficiency of

models. Although WCSPH is more efficient than

ISPH in solving each time step (nearly twice faster in

the modeled cases in this study), bigger time steps

(nearly ten times based on the maximum particle

velocities versus sound velocity) can be used in ISPH

method. Computational cost per time step depends on

the number of particles as well as the utilized solver in

ISPH method. According to the simulated cases in this

study, ISPH is nearly five times faster than WCSPH

method, however, this conclusion would be different

in case of using other solvers.

g) In comparison with WCSPH method, the

computational cost of ISPH method is more sensitive

to the number of particles because a system of linear

equations should be solved in each step of the solution

that is an important item in ISPH efficiency.

It should be noted that

Meanwhile
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The dynamic behavior of a very large rectangular floating structure is 

considered. The structure is modelled as a plate with free edges. Two different 

thicknesses are considered for the model. The Mindlin plate theory is used to 

formulate the structure behavior. Natural frequencies, mode shapes, and stress 

resultants of the structure are predicted by using finite element method. For this 

purpose, a MATLAB code is written. The same analysis is performed by using 

the ANSYS software. The results of these two analysis are compared with each 

other and with the available results in the literature, where close agreement is 

observed. Therefore, the written finite element code is found to be acceptable 

for prediction of the dynamic behavior of very large rectangular floating 

structures in early stages of design.
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1. Introduction
A very large floating structure (VLFS) is a viable

alternative for land reclamation from coastal waters.

VLFSs have been constructed as floating bridges,

airports/heliports, oil storage systems, emergency

rescue bases, industry spaces, hotels and amusement

facilities. Compared to the traditional land reclamation

methods, VLFSs are environmentally friendly, easy to

construct and to remove or expand, less susceptible to

earthquakes and cost effective, especially in deep

coastal waters.

There are two major types of VLFS; namely the

pontoon type and the semi-submersible type. The

pontoon type has high stability, low manufacturing cost

and is easy to repair. However, this type of VLFS is

only suitable for calm waters in naturally sheltered

areas or where breakwaters are constructed nearby [1].

The structure of a typical pontoon-type VLFS features

a small depth to length ratio so it can be considered as

a thin flat structure. In the horizontal plane, and for the

design of the mooring system, the structure can be

assumed to be rigid, however, in the vertical plane the

elastic behavior of the thin structure cannot be ignored.

A hydroelastic response analysis is, therefore,

necessary. In this regard, the entire structure of a

pontoon-type VLFS is usually modelled as a two-

dimensional floating elastic plate with free edges [2].

For the hydroelastic analysis, different plate theories

can be employed. The classical thin plate theory and

the first-order shear deformation (Mindlin) plate theory

are commonly used. For a VLFS the fluid-structure

interaction problem includes the elastic deformations 

as well as the rigid body motions 

In literature, there are many studies regarding to VLFS 

dynamical behavior where a variety of analytical and 

numerical methods have been used. Liew and Hun [3] 

investigated the dynamic behavior of a rectangular 

plate using the approximate least squares method. They 

considered the effect of shear deformation, flexural and 

torsional moments and shear forces using Winkler 

assumption and Mindlin plate theory. Xiang [4] studied 

the eigenvalues of vibrating plates using the first-order 

shear deformation theory. Rossi and Bambill [5] 

evaluated analytically the transverse vibrations and 

natural frequencies of a homogeneous rectangular plate 

with four different boundary conditions. Wang et al [6] 

showed that the Ritz and finite element methods do not 

satisfy natural boundary conditions in stress resultants 

of shear force and twisting moments at plate free edges. 

Beirao da Veiga [7] presented an extension of different 

families of well-known optimal plate models based on 

a modified free boundary model for plates with free 

edges. The hydroelastic analysis of a pontoon-type 

VLFS was studied by Wang et al. [8]. They studied the 

wave forces, drift forces, the geometrical shape and the 

mooring system of a VLFS. To overcome the 

difficulties reported in [6] they used the least squares 

finite difference (LSFD) method. They showed that the 

LSFD method is better than the Ritz and Galerkin 

methods for prediction of stress resultants for plates 

with free edges. Wu et al [9] used the LSFD method 

based on the classical plate theory for prediction of 

mailto:tannaz.1365@yahoo.com
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natural frequencies, mode shapes, and stress resultants 

of freely vibrating plates with circular, elliptic and 

triangular shapes. Ma and Ang [10] used a finite 

element formulation based on the Mindlin plate theory 

in terms of a relative displacement concept and an 

assumed strain method and find results that agree with 

theoretical solutions. Sadrnejad and Saedi Daryan [11] 

investigated the vibration of a thick rectangular plate 

using the first order shear deformation theory. They 

calculated the natural frequencies of a thick plate with 

different boundary conditions and discussed the effect 

of plate thickness and dimensions on its oscillatory 

behavior. Xiang et al [12] proposed a discrete singular 

convolution (DSC) method for the free vibration of 

moderately thick plates based on the first-order shear 

deformation theory. Xiang et al [13] applied DSC-Ritz 

element method for the vibration of rectangular plates 

with mixed edge supports using the same plate theory. 

Hosseini-Hashemi et al. [14] analytically investigated 

the free vibrations of moderately thick rectangular 

plates with different boundary conditions. Hosseini-

Hashemi et al. [15] proposed an exact solution for free 

vibrations of Levy-type rectangular thick plates using 

the third-order shear deformation plate theory. Another 

study regarding a new exact analytical solution for free 

vibrations of Reissner-Mindlin functionally graded 

rectangular plates is reported by Hosseini-Hashemi et 

al. [16]. Ramu and Mohanty [17] studied the free 

vibrations of rectangular plate structures using finite 

element method. Pereira et al. [18] addressed a 

dynamic formulation for thick elastic plates using the 

boundary element method. Eftekhari and Jafari [19] 

used a modified mixed Ritz-differential quadrature 

formulation in which all natural boundary conditions 

were exactly implemented. Cho et al. [20] proposed a 

procedure based on the assumed mode method for 

vibration analysis of rectangular plates with openings 

and arbitrary edge constraints. Thai and Choi [21] 

analytically studied the bending, buckling, and 

vibration analysis of thick rectangular plates with 

various boundary conditions by a refined plate theory. 

Senjanovic et al [22] modified the Mindlin plate theory 

and proposed a shear locking-free finite element 

formulation. Praveen et al. [23] analyzed the 

hydroelastic behavior of floating elastic thick plates in 

shallow water depth. They investigated the effect of 

various boundary conditions. The vibrations of 

moderately thick plates were studied by Senjanovic et 

al. [24] based on the modified Mindlin theory using a 

dynamic finite element technique. Khezri et al. [25] 

studied thin to moderately thick plates based on the 

shear locking-free Mindlin theory formulation using a 

meshless analysis. Shirkol and Nasar [26] carried out a 

coupled boundary element-finite element method for 

analyzing the hydroelastic behavior of floating plates. 

For preliminary design purposes an analytical/semi-

analytical approach can be employed for hydroelastic 

analysis of vertical motions. In this simplified model 

the entire pontoon-type VLFS can be modelled as a 

two-dimensional floating plate with free edges. In a 

linear theory the hydroelastic response of the floating 

plate (the wet plate) can be obtained by the so-called 

dry mode superposition method [2], where the 

unknown flexural response of the wet plate is assumed 

as a linear combination of the mode shapes of an elastic 

plate in air (the dry plate). Once the unknown 

coefficients of the superposition response, i.e., the 

modal amplitudes are obtained, the stress resultants of 

the VLFS can be predicted.  

In the modal method, the classical thin plate theory or 

the first-order shear deformation theory are commonly 

employed. In the latter theory, the transverse shear 

deformation and the rotary inertia are allowed. In 

addition, the stress resultants are related to first order 

derivatives of the deflections and rotations while in the 

classical thin plate theory third order derivatives of 

those functions are required to compute the stress 

resultants. That is why more accurate stress resultants 

can be obtained from the Mindlin plate theory 

compared to the classical thin plate theory.  

The natural frequencies of the wet plate are lower than 

the corresponding values of the dry plate. This is 

because of the higher effective mass due to the added 

mass associated with the kinetic energy transferred to 

the heavy fluid. However, the mode shapes of the wet 

and dry plates are usually assumed to be virtually the 

same. It is well known that the finite element method 

(FEM) predicts the natural frequencies and the mode 

shapes of plates with free edges with excellent 

accuracy, however, the FEM results for stress 

resultants, especially for the transverse shear forces and 

the twisting moments are not satisfactory for plates 

with free edges. This is partly due to the presence of 

very steep gradients in the stress resultant distributions 

near the free edges and partly due to the fact that in a 

FEM solution, the natural boundary conditions are 

imposed in a weak form [8]. 

For correct prediction of hydroelastic behavior of 

VLFS structures, it is vital to obtain accurate natural 

frequencies, mode shapes and stress resultants of plates 

with free edges. In this paper, the natural frequencies, 

mode shapes and stress resultants of dry plates are 

derived by using the finite element method based on the 

first-order shear deformation plate theory. In this 

regard, a computer code is written in MATLAB. In 

addition the same problem is analyzed using the 

ANSYS software. The results of the MATLAB code 

and those of ANSYS are compared with each other as 

well as with the relevant LSFD results [8] and the 

accuracy of the written code is verified. It is shown that 

the written code can be used to predict the hydroelastic 

behavior of the pontoon-type VLFS in early stages of 

design. 

2. Problem definition
Consider an isotropic, elastic, rectangular plate with

length 𝑎  and width 𝑏 . The origin of the Cartesian
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coordinate system is placed at the plate center in its 

mid-plane. The 𝑥𝑦 plane coincide with the plate mid-

plane and the z-axis is vertically upwards. According to 

the first-order shear deformation theory, the differential 

equations of motion are as follows: 

𝑘
1 − 𝜈

2
(𝑤,𝑥𝑥 + 𝑤,𝑦𝑦 + 𝜓𝑥,𝑥 + 𝜓𝑦,𝑦) =

𝜌ℎ3

12𝐷
𝑤,𝑡𝑡

(1) 

𝜓𝑥,𝑥𝑥 +
1 − 𝜈

2
𝜓𝑥,𝑦𝑦 +

1 + 𝜈

2
𝜓𝑦,𝑥𝑦

−
6𝑘(1 − 𝜐)

ℎ2
(𝑤,𝑥 + 𝜓𝑥) =

𝜌ℎ3

12𝐷
𝜓𝑥,𝑡𝑡

(2) 

𝜓𝑦,𝑦𝑦 +
1 − 𝜈

2
𝜓𝑦,𝑥𝑥 +

1 + 𝜈

2
𝜓𝑥,𝑥𝑦

−
6𝑘(1 − 𝜐)

ℎ2
(𝑤,𝑦 + 𝜓𝑦) =

𝜌ℎ3

12𝐷
𝜓𝑦,𝑡𝑡

(3) 

where, w, 𝜓𝑥 and 𝜓𝑦 are the generalized displacement

functions associated with an arbitrary point on the 

plate’s mid-plane. They are the displacement in the 

vertical direction and rotations about x and y axes, 

respectively. In Eqs. (1) to (3) the comma notation is 

used to denote the partial differentiation. The 

parameters 𝑘, ℎ and 𝜈 are the shear coefficient, the plate 

thickness and Poisson’s ratio, respectively, and 𝐷 is the 

flexural rigidity: 

𝐷 =
𝐸ℎ3

12(1 − 𝜈2)

where 𝐸 is Young’s modulus. The following equations 

relate the stress resultants to the generalized 

displacement functions: 

𝑀𝑥𝑥 = 𝐷(𝜓𝑥,𝑥 + 𝜈𝜓𝑦,𝑦) (4) 

𝑀𝑦𝑦 = 𝐷(𝜈𝜓𝑥,𝑥 + 𝜓𝑦,𝑦) (5) 

𝑀𝑥𝑦 = 𝑀𝑦𝑥 = 𝐷
1 − 𝜈

2
(𝜓𝑥,𝑦 + 𝜓𝑦,𝑥)

(6) 

𝑄𝑥 = 𝑘
𝐸ℎ

2(1 + 𝜈)
(𝑤,𝑥 + 𝜓𝑥)

(7) 

𝑄𝑦 = 𝑘
𝐸ℎ

2(1 + 𝜈)
(𝑤,𝑦 + 𝜓𝑦)

(8) 

The first two equations are for bending moments and 

the last two equations are for shear forces. The middle 

equation represnts the twisting moments. The boundary 

conditions at free edges are given by the following 

relation: 

𝑄𝑥 = 𝑄𝑦 = 𝑀𝑥𝑥 = 𝑀𝑦𝑦 = 𝑀𝑥𝑦 = 0 (9) 

2.1. Free Vibrations of rectangular plate 

The free vibrations are studied in the absence of 

external loads such as waves, winds and currents. If the 

continuous plate is approximated by a discrete system 

such as a finite element mesh, the equation of 

undamped free vibrations can be written as 

[𝑀]{𝑥̈} + [𝐾]{𝑥} = 0 (10) 

where [𝑀] and [𝐾] are the mass and stiffness matrices 

and {𝑥} is the vector of nodal displacements. Each node 

has three degrees of freedom, which are w, 𝜓𝑥 and 𝜓𝑦.

Therefore, if the number of nodes in the mesh is 𝑁 the 

vector {𝑥} will be a 3𝑁 × 1 vector. Assuming harmonic 

displacements, Eq. (10) can be rewritten as 

([𝐾] − 𝜔𝑖
2[𝑀]){𝑥̂}𝑖 = 0 (11) 

where {𝑥̂}𝑖 is the vector of nodal amplitudes or the ith

mode shape and 𝜔𝑖 is the ith natural frequency.

2.2. Numerical Formulation 

Each node in the finite element mesh is assumed to 

have three degrees of freedom, i.e., 𝑤𝑖, 𝜓𝑥𝑖
 and 𝜓𝑦𝑖

.

Therefore, the stiffness and mass sub-matrices 

associated with the ith and jth nodes of an element will 

be 3 × 3 symmetric matrices as follows 

[𝐾]𝑖𝑗 = [

𝐾𝑖𝑗
11 𝐾𝑖𝑗

12 𝐾𝑖𝑗
13

𝐾𝑖𝑗
21 𝐾𝑖𝑗

22 𝐾𝑖𝑗
23

𝐾𝑖𝑗
31 𝐾𝑖𝑗

32 𝐾𝑖𝑗
33

] 

(12) 

[𝑀]𝑖𝑗 = [

𝑀𝑖𝑗
11 0 0

0 𝑀𝑖𝑗
22 0

0 0 𝑀𝑖𝑗
33

]   

The generalized displacement functions are 

approximated as interpolations between nodal values, 

that is 

𝑤 = ∑ 𝑤𝑗𝜑𝑗
𝑛
𝑗=1

𝜓𝑥 = ∑ 𝜓𝑥𝑗
𝜑𝑗

𝑛
𝑗=1 (13) 

𝜓𝑦 = ∑ 𝜓𝑦𝑗
𝜑𝑗

𝑛
𝑗=1

where 𝑛 is the number of nodes per element, and 𝜑𝑗 is

the interpolation function of the jth node of the element. 

Introducing from Eq. (13) into motion Eqs. (1) to (3), 

integrating over the element area and using the 

integration by parts technique, the weak form of the 

governing equations can be derived. Then, following 

the common procedure in the finite element method, 

the elements of the stiffness and mass sub-matrices can 

be obtained from the following relations: 

𝐾𝑖𝑗
11 = 𝑘𝐺ℎ ∬ (𝜑,𝑥𝑖

𝜑,𝑥𝑗
+ 𝜑,𝑦𝑖

𝜑,𝑦𝑗
) 𝑑𝑥𝑑𝑦
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𝐾𝑖𝑗
12 = 𝑘𝐺ℎ ∬ 𝜑,𝑥𝑖

𝜑𝑗𝑑𝑥𝑑𝑦

𝐾𝑖𝑗
13 = 𝑘𝐺ℎ ∬ 𝜑,𝑦𝑖

𝜑𝑗𝑑𝑥𝑑𝑦

𝐾𝑖𝑗
22 = ∬ (𝐷𝜑,𝑥𝑖

𝜑,𝑥𝑗
+

𝐺ℎ3

12
𝜑,𝑦𝑖

𝜑,𝑦𝑗
+ 𝑘𝐺ℎ𝜑𝑖𝜑𝑗) 𝑑𝑥𝑑𝑦

𝐾𝑖𝑗
23 = ∬ (𝜈𝐷𝜑,𝑥𝑖

𝜑,𝑦𝑗
+

𝐺ℎ3

12
𝜑,𝑦𝑖

𝜑,𝑥𝑗
) 𝑑𝑥𝑑𝑦

𝐾𝑖𝑗
33 = ∬ (

𝐺ℎ3

12
𝜑,𝑥𝑖

𝜑,𝑥𝑗
+ 𝐷𝜑,𝑦𝑖

𝜑,𝑦𝑗
+ 𝑘𝐺ℎ𝜑𝑖𝜑𝑗) 𝑑𝑥𝑑𝑦

(17) 

and 

𝑀𝑖𝑗
11 = 𝜌ℎ ∬ 𝜑𝑖𝜑𝑗𝑑𝑥𝑑𝑦

𝑀𝑖𝑗
22 = 𝑀𝑖𝑗

33 =
𝜌ℎ3

12
∬ 𝜑𝑖𝜑𝑗𝑑𝑥𝑑𝑦

(18) 

where in Eqs. (17) and (18) integrations are over the 

element area. The rectangular plate is discretized by 

20×7=140 elements. Each element in the mesh is an 

eight-node rectangular serendipity element with 

quadratic interpolation functions.  

2.3. Modeling by Ansys Software 

ANSYS is a powerful finite element software that is 

widely used for solving various engineering problems 

including dynamic analysis of structures. In this paper, 

in addition to a MATLAB code, the ANSYS software 

is employed for the dynamic response analysis of a 

plate with free edges. For this purpose the Shell 93 

element is used. Each node in this element, in general, 

has six degrees of freedom: three displacements in x, y 

and z directions and three rotations about the same 

axes. The displacement in the x and y directions and the 

rotation about the z-axis are fixed to reduce the number 

of degrees of freedom per node to 3. The dynamic 

analysis is carried out by using the modal module of 

ANSYS and the results are presented in the following 

sections. 

3. Results and discussion
A rectangular plate with 4 m length, 1 m width, and a

thickness of 0.1 m is analyzed by both the MATLAB

code and the ANSYS software. Young’s modulus,

Poisson’s ratio and the mass density are assumed to be

210 GPa, 0.3 and 7830 kg/m3, respectively. The results

of two numerical methods are compared with each

other as well as with those of Wang et al [8], which are

obtained from a least squares finite difference (LSFD)

method.

3.1. Natural frequencies and mode shapes 

Disregarding the rigid body modes, the frequency 

parameters for the first four mode shapes are reported 

in the following table. The dimensionless frequency 

parameter is defined as follows: 

Ω =  𝜔𝑏2√
𝜌ℎ

𝐷
=

𝜔𝑏2

ℎ
√

12𝜌(1 − 𝑣2)

𝐸

(19) 

In this table, the FEM (MATLAB and ANSYS) and 

LSFD results [8] are presented. As can be seen, they 

are in good agreement. The maximum values of the 

dimensionless generalized displacement functions 

corresponding to the first four mode shapes are given 

in Table 2. Figs 1-12 show the 1st to 4th mode shapes 

obtained from the MATLAB, ANSYS, and LSFD 

methods. As can be seen, the mode shapes are in close 

agreement. This confirms the findings of the previous 

research that the finite element method is very accurate 

in calculating natural frequencies and mode shapes of 

plates with free edges. However, mode shapes derived 

from the written code are not as accurate as those 

obtained from ANSYS. This can be due to using a 

rather coarse mesh in MATLAB and also due to the 

shear locking phenomenon. 

Table 1. Frequency parameters of the 1st to 4th mode shapes of 

the rectangular plate. 

𝛀𝟒𝛀𝟑𝛀𝟐𝛀𝟏Method

6.6.13 4.065 3.1506 1.355 MATLAB Code 

6.635 4.076 3.159 1.357 ANSYS software 

6.827 3.733 3.303 1.356 LSFD method [8]

Table 2. Maximum value of the generalized displacement 

functions for the 1st to 4th modes of the rectangular plate. 

4th 

Mode 
3rd 

Mode 
2nd 

Mode 
1st 

Mode 
Method

0.051884 0.04029 0.044939 0.036452 MATLAB

𝑤 0.052141 0.04042 0.045174 0.036494 ANSYS 

0.493 0.32 0.52 0.115 % Error

0.054614 0.0828 -0.0299770.042879 MATLAB

𝜓𝑥 0.054309 0.08295 -0.0298320.042895 ANSYS

0.558 0.181 -0.450.0373 % Error

-0.093806
-

0.01392 
-0.090350.0050769 MALTAB

𝜓𝑦 -0.094166
-

0.01396 
-0.090770.0051129 ANSYS

0.3820.286 0.4630.704 % Error

Figure 1. 1st Mode by LSFD  Figure 2. 1st Mode by Ansys 
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Figure 3. 2nd Mode by LSFD    Figure 4. 1st Mode by Matlab 

Figure 5. 2nd  Mode by Ansys   Figure 6. 2nd Mode by Matlab 

Figure 7. 3rd Mode by LSFD  Figure 8. 3rd Mode by Ansys 

Figure 9. 3rd Mode by Matlab  Figure 10. 4th mode by LSFD 

Figure 11. 4th mode by Ansys  Figure 12. 4th mode by Matlab 

3.2. The stress resultants of the rectangular plate 

In Table. 3, the maximum values of the stress resultants 

corresponding to the 1st to 4th mode shapes of the 

rectangular plate are given. The results are obtained 

from the MATLAB code, ANSYS software, and LSFD 

method [8]. Also, figures 13-21 show 𝑀̅𝑥𝑥 , 𝑀̅𝑥𝑦 , and

𝑄̅𝑥 stress resultants associated with the 1st mode, and

Figs. 22-27 show 𝑀̅𝑦𝑦 and 𝑄̅𝑦 stress resultants 

associated with the 2nd mode. As can be seen, in all 

three methods, the maximum value of the stress 

resultants are close enough. However the results of 

finite element code show some oscillations near free 

edges as reported in previous research [6]. 

3.3. The effect of thickness 

In order to assess the effect of thickness on the natural 

frequencies of the rectangular plate, a similar plate with 

a thickness that is 10% of the original thickness is 

considered. This plate is modeled by the finite element 

MATLAB code and the ANSYS software. According 

to [27] a pontoon-type VLFS can be from few hundred 

to 5000 meters in length with a depth of 2 to 10 meters. 

This means a typical VLFS has a depth to length ration 

greater than 2×10-3. Our numerical model with 4 m 

length and two thicknesses of 0.1 and 0.01 m have 

25×10-3 and 2.5×10-3 depth to length ratios which are 

in the acceptable range. For this model, the natural 

frequencies and frequency parameters are given in 

Tables 4 and 5, respectively. The two FEM outputs 

(MATLAB and ANSYS) and the results of LSFD 

method [8] are compared with each other. 

A comparison of values in Tables 1 and 5 shows that 

for corresponding mode shapes, by increasing the plate 

thickness the frequency parameter does not change 

significantly.  

In addition, since the frequency parameter Ω in Eq. (19) 

is proportional with the ratio of natural frequency to 

thickness, 𝜔/ℎ, its variation for the same thickness is 

the same as that of 𝜔. 

Table 3. Maximum value of the stress resultants for the 1st to 

4th modes of the rectangular plate. 

4th 

mode` 
3rd 

mode 
2nd 

mode 
1st 

mode 
Method 

Stresses 

resultants 

1.96 2.985 0.4276 1.1021 MATLAB 

M̅x 1.576 2.485 0.3367 0.9768 ANSYS  

1.717 2.676 0.382 1.016 LSFD[8] 

0.588 0.323 0.1901 0.0723 MATLAB 

M̅y
0.502 0.268 0.1398 0.0505 ANSYS 

0.535 0.28 0.145 0.0575 LSFD[8] 

2.014 0.401 1.2781 0.0474 MATLAB 

M̅xy
1.756 0.288 0.9781 0.045 ANSYS 

1.942 0.302 1.066 0.0499 LSFD[8] 

73.201 21.15 43.2382 2.832 MATLAB 

Q̅x 71.498 18.33 36.2382 3.0863 ANSYS  

72.137 19.126 38.043 3.15 LSFD[8] 

44.018 0.7126 12.04 0.1368 MATLAB 

Q̅y
39.797 0.5166 10.6515 0.1001 ANSYS 

41.516 0.593 11.063 0.118 LSFD[8] 
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Figure 13. Bending moment𝐌̅𝐱    Figure 14. Bending moment 

for 1st mode by LSFD [8]       𝐌̅𝐱for 1st mode by ANSYS

Figure 15. Bending moment      Figure 16. Twisting moment   𝐌̅𝐱 

for 1st mode by MATLAB   𝐌̅𝐱𝐲for 1st mode by LSFD [8]

Figure 17. Twisting moment  Figure 18. Twisting moment 

𝐌̅𝐱𝐲 for 1st mode by ANSYS  𝐌̅𝐱𝐲for 1st mode by MATLAB.

Figure 19.Shear force 𝑸̅𝒙 for   Figure 20. Shear force 𝑸̅𝒙for 

1st mode by LSFD [8]       1st mode by ANSYS.  

Figure 21.Shear force 𝑸̅𝒙for  Figure 22. Bending moment 

1st mode by MATLAB        𝑴̅𝒚 for 2nd mode by LSFD [8]

Figure 23. Bending moment      Figure 24. Bending moment 𝑴̅𝒚 

𝑴̅𝒚 for 2nd mode by ANSYS     for 2nd mode by MATLAB 

Figure 25. Shear force 𝑸̅𝒚for   Figure 26. Shear force 𝑸̅𝒚for 

2nd mode by LSFD [8]        2nd mode by ANSYS.  

Figure 27. Shear force 𝑸̅𝒚 for 2nd mode by MATLAB

Table. 4. Natural frequencies of the 1st to 4th mode shapes of 

the rectangular plate with 0.01 m thickness 

𝝎𝟒𝝎𝟑𝝎𝟐𝝎𝟏Method

5.34632.97142.57241.0573 MATLAB 

5.30802.96572.55611.0568ANSYS 

0.7160.1920.6340.0473 Error 

Table. 5. Frequency parameters of the 1st to 4th mode shapes of 

the rectangular plate with 0.01 m thickness 

𝛀𝟒𝛀𝟑𝛀𝟐𝛀𝟏Method

6.778 3.767 3.2614 1.3405 Matlab  

6.729 3.76 3.2407 1.339 Ansys  

6.751 3.711 3.256 1.338 LSFD[8]

Table 6. shows the maximum values of the 

dimensionless stress resultants of the rectangular plate 

with 0.01 m thickness obtained by FEM (MATLAB 

and ANSYS) and LSFD [8] methods corresponding to 

the 1st mode shape. Figs. 28-39 present the distribution 

of the stress resultants associated with the same mode 

shape. As can be seen, there are some discrepancies 

between FEM results and LSFD results at plate free 

boundaries. This can be due to several reasons. As 

mentioned before, two major factors are associated 

with: (1) the presence of steep gradients in stress 

resultant distributions near free edges, and (2) the weak 

form of imposing natural boundary conditions at free 

edges in FEM. It can also be observed that the results 

of MATLAB code are worse than those of ANSYS. 

This is because the finite element mesh in MATLAB 

was rather coarse (140 elements) and the selective 

reduced integration technique was not implemented. 
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Table. 6. Maximum value of stress resultants of the 1st mode 

shape of the rectangular plate with 0.01 m thickness 

𝐐̅𝐲𝐐̅𝐱𝐌̅𝐱𝐲𝐌̅𝐲𝐌̅𝐱Method 

0.2916 17.0845 0.0552 0.0595 0.8933MATLAB  
0.2916 17.2976 0.0695 0.0623 0.9121 ANSYS  

0.31 18.2 0.0676 0.0574 1.02 LSFD[8]

Figure.28. Bending moment    Figure.29. Bending moment 𝑴̅𝒙 

𝑴̅𝒙for 1st mode by LSFD [8]   for 1st mode by ANSYS. 

Figure.30. Bending moment  Figure.31. Bending moment 

𝑴̅𝒙 for 1st mode by MATLAB  𝑴̅𝒚 for 1st mode by LSFD [8]

Figure.32. Bending moment   Figure.33. Bending moment 𝑴̅𝒚 

𝑴̅𝒚 for 1st mode by ANSYS.  for 1st mode by MATLAB. 

Figure.34. Twisting moment  Figure.35. Twisting moment 

𝐌̅𝐱𝐲 for 1st mode by LSFD [8]  𝐌̅𝐱𝐲 for 1st mode by ANSYS.

Figure.36. Twisting moment𝐌̅𝐱𝐲  Figure.37. Shear force 𝑸̅𝒚 

for 1st mode by MATLAB.        for 1st mode by LSFD [8] 

Figure.38. Shear force 𝑸̅𝒚  Figure.39. Shear force 𝑸̅𝒚 

for 1st mode by ANSYS.        for 1st mode by MATLAB. 

4. Conclusions
An attempt has been made to investigate the dynamic

behavior of very large pontoon-type floating structures

using finite element method. To this end, the structure

has been modelled as a rectangular plate with free

edges. A finite element code was written in MATLAB

based on the Mindlin plate theory. The same problem

was analyzed with ANSYS. Two plates with 0.1m and

0.01m thicknesses are considered. Natural frequencies,

mode shapes and stress resultants of rectangular plates

were predicted. The effect of thickness on plate’s

dynamic behavior was studied. It is observed that the

increase in plate natural frequencies is proportional

with the increase in plate thickness. The FEM results

obtained from the MATLAB code and ANSYS

software were compared with each other as well as with

the results of a least squares finite difference method

reported by [8]. It is revealed that the FEM results are

satisfactory for natural frequencies and mode shapes,

while the finite element results for stress resultants at

plate’ free edges were not satisfactory. This agrees with

similar results reported in the literature.
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A three-dimensional primitive equation model has been developed to 

study wind-driven currents in the Caspian Sea (CS). The equations were 

solved in the spherical coordinate system with a vertical array of 

pressure-sigma using a finite difference Method on a staggered modified 

Arakawa c grid. Simulations showed that there is an anticyclonic eddy 

over the deep water of South Caspian Basin (SCB), which extended from 

surface to subsurface and persist throughout the year. The model 

successfully produced the coastal current along the eastern coast of the 

Middle Caspian Basin (MCB) with a prevailing southward component, 

resulting in upwelling on these coasts to compensate the surface drift. 

The results indicate that the bottom topography has a key role in steering 

currents and generated a divergence in the surface Ekman layer which 

balanced by convergence in the frictional bottom Ekman layer in deepest 

areas of the CS. 
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1. Introduction
The CS is the largest surrounded body of water on the

Earth that constituting 44% of the global volume of

lakes water and area of about 379,000 km2. Abundant

resources of oil and natural gas were found around and

underwater of the CS caused the surrounding countries

have started developing onshore and offshore

exploitation facilities. These facilities developments

have released a vast amount of pollutants into the

water. These pollutants have accumulated into the

water or sediment since there are no runoffs from the

CS. This amount of pollutants might cause a collective

death of living organisms such as a large die-off of

seals during the spring of 2000[1]. Many of previous

studies have been involved in monitoring projects for

environmental impact assessment of pollutants

transport in the CS and have been focused on biological

and chemical environmental impacts, while water

circulation has an important role in advection and

diffusion of pollutants, it has been little measured and

compared with other semi-enclosed and enclosed seas

of the world, little is known of the CS variability [2].

The most urgent, still unresolved questions relating to

the CS are: what is the 3-D general circulation of the

sea and how is this circulation produced? The

phenomenological evidence is too obscure or

insufficient to give acceptable answers to these

questions.

The CS has an elongated geometry that its longitudinal 

extent is three times larger than its latitudinal one (1000 

km vs. 200-400 km), resulting in great variability of 

climatic conditions over the sea. There are three 

distinguished basins according to the geographical and 

topographical features: the northern shallow basin, 

central, and southern relatively deep basins. The North 

Caspian Basin (NCB) is a shallow extension with a 

maximum depth of 20 m. The central and the southern 

basins have maximum depths of  788 and 1025 m, 

respectively, and an underwater extension of the 

Apsheron peninsula with a maximum depth about 180 

m separates two basins. Continental shelves areas with 

depth less than 100 m, mainly along the northern and 

eastern coasts, account for 62% of the total area of the 

sea [3]. 

The CS is enclosed sea and tidal currents are negligible. 

Many previous studies on the water circulation of the 

CS have shown that winds are primarily responsible for 

controlling the circulation, and changes in other forces 

(precipitation, evaporation and rivers run off) did not 

have any significant effects [3-6]. The elongated 

geometry and complex bottom topography of the CS, 

acted upon by variable wind forcing result in spatially 

and temporally variable currents in this basin [4, 7].  

Despite the history of current observations in the CS 

over more than half a century, there has been a lack of 

data for an adequate reconstruction of the water 

circulation and its seasonal variability. This is due to 
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the fact that most of currents measurements were short-

term in time, conducted in coastal areas shallower than 

100m, and characterized by a small number of 

observational data [6, 8, 9, and 10]. 

Numerical modelling is one of the powerful 

instruments to understand water circulation as well as 

measurement. Several previous numerical simulations 

of water circulation in the CS were done using 

diagnostic models [6, 10, 11, 12 and 13]. The success 

of these models was limited due to low spatial 

resolution (50 km), lack of the available hydrological 

data and hydrodynamics structure of them. Korotenko 

et al. simulated the dispersal of oil due to the currents 

generated by constant wind using the Princeton Ocean 

Model (POM) in the coastal water of the CS [14]. Kara 

et al. investigated the impact of the wind, rivers 

discharge, evaporation, precipitation and salt fluxes on 

the sea surface current in the CS using a Hybrid 

Coordinate Ocean Model (HYCOM) [15]. The 

seasonal variability of the water circulation, sea level, 

and air-sea interaction in the CS were simulated by 

Ibrayev et al. using development of a three-dimensional 

primitive equation numerical Model in z-level[4]. 

Gunduz and Ozsoy have been investigated the wind 

and buoyancy-driven seasonal circulation in the 

Caspian Sea by using of HYCOM [16].  

In recent decades, few numerical models have been 

specially developed to study circulation pattern in the 

CS. Ibrayev [17] developed a three-dimensional 

primitive equation numerical model (MESH) in 

spherical coordinates system with vertical array Z for 

simulation of water circulation in the CS. A 

conjunctive numerical model consisting of a 2D depth 

average model and a 3D pseudo compressible model in 

the Cartesian coordinate system was developed by 

Zounemat Kermani and Sabbagh Yazdi to simulate 

wind driven current in the CS [18]. Kitazawa and Yang 

(2012) simulated water circulation in the CS by means 

of developmet of a three dimensional numerical 

simulation based on a hydrodynamic ocean model 

(MEC) in the Cartesian coordinate system [19]. Nasimi 

and Ghiassi (2006) also developed a three-dimensional 

model of water circulation of the CS in the Cartesian 

coordinate system [20]. 

With regard to three basins with complex bottom 

topography and vast shallow water area in the CS, 

using numerical models in z-level is associated with 

many problems such as numerical instability. In 

addition, there is no possibility of accurately 

determining the topography and variability of the free 

surface level. Also, the lower number of vertical layers 

in shallow water areas reduces the accuracy of 

simulation of currents variations along the vertical 

direction in these areas. Therefore using of Sigma 

coordinate system in the vertical direction caused the 

numerical mesh fits the free surface and bed very 

closely that providing a higher resolution near 

boundaries. In addition, the number of layers along the 

vertical direction in the shallow water and deep areas is 

the same, which makes it possible to better understand 

of variability of currents at different depths of water. 

One of the other benefits of this model is the ability to 

couple with atmospheric models, as a result of using 

pressure sigma coordinate in vertical direction. 

2. Model description
2.1. The basic equations in pressure-sigma

coordinate

The pressure-sigma coordinate system is applied in the

vertical direction. Since the bottom pressure can vary

with time and space, the normalized pressure-Sigma

coordinate has therefore been adopted, which is defined

as [21]:

ab

a

pp

pp




    (1) 

Where p  is the pressure, ap  is atmospheric pressure 

at the sea surface and bp  is the sea bottom pressure. 

Sigma will always be 0 at the sea surface at any time, 

and 1 at the sea bottom.  

The primitive equation was rewritten in the spherical 

pressure-Sigma coordinate system using the method 

introduced by Kasahara [22]. In this method, a 

generalized vertical coordinate  is assumed to be 

related to the height z by a single-valued monotonic 

function. In terms of the z coordinate,  is a function 

of x, y, z, and t, as follows: 

 x,y,z,t  (2) 

On the other hand, in terms of   as a vertical 

coordinate, z becomes a dependent variable, so that 

 z z x,y, ,t (3) 

Any other scalar (or vector) dependent variable, say A, 

can be expressed in terms of either coordinate system 

as  A x,y,z,t  or  A x,y, ,t . These functions

become identical when either z or   is replaced by its 

functional form in terms of the other, as follows: 

    A x,y, ,t A x,y,z x,y, ,t ,t  (4) 

When a partial derivative is taken with respect to s, 

where s is x, y, or t, the result can be expressed by the 

following equation:  

z

A A A z

s s z s 





         
      

         
(5)

Where the subscript z or   denotes the vertical 

coordinate. Similarly, the vertical derivatives are 

related as follows: 

A A z

z 

  


  
(6) 

or alternatively 
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A A

z z





  


  
(7) 

When (7) is substituted into (6), the result can be 

written as:  

z

A A A z

s s z s 





         
      

         
(8) 

The last expression can be used successively with s = x 

and y to form the gradient of A and a vector B to give 

the two-dimensional divergence with the following 

equations: 

z

A
A A z

z
 





 
   

 
(9)

z

B
B B z

z
 





 
     

 
(10) 

When s = t in (8), the result is defined as follows: 

z

A A A z

t t z t 





         
      

         
(11)

By using of the (8), can be written the transformation 

of horizontal derivatives from Spherical coordinates to 

pressure-sigma coordinate by the following equations: 

b Ar

b Ar

b A

A A A

p p

A A A

p p

A g A

r p p

 

 



   



   





         
      

         
        

      
         

 
  
  

(12)

Where   is the longitude,   latitude, r  radius of the 

Earth,   density, g acceleration due to gravity and   

geopotential. 

By using this method the horizontal momentum 

equations in pressure-sigma coordinate can be 

expressed by the following equations: 

cos

tan

cos

b A

b a

u u u v u g u
w

t r r p p

uv uw
fv ew

r r

p p
F

r p p




   



 

   

   
   

    

  

    
    

     

     (13) 

2

cos

tan

1

b A

b A

v u v v v g v
w

t r r p p

u uw
fu

r r

p p
F

r p p




   






  

   
   

    

  

    
    

     

  (14) 

Where 

(15)

Where  u  and v  are the zonal and meridional velocity 

components, w  the vertical Velocity, 2 sinf    

2 cose   Coriolis parameters,  representing the 

angular velocity of Earth’s rotation, F  and F  are

frictional forces per unit mass. 
The hydrostatic equation is obtained from the relation: 

b Ap p

 


 


  (16)

The continuity equation is: 

 

.

1 1

cos

1
0

b A
b A

D u
p p

p p Dt r

v

r

 



 


 

 

 
  

 

        (17) 

Where 
. d

dt


  is the representative of vertical velocity 

and obtained by integrating the continuity equation 

from the surface to an arbitrary vertical depth, as 

follows: 

   

 

 

.

0

0

1

cos
1

1

b A
b A

b A

b A

b A

p p
p p t

p p u d
r

p p

p p v d
r

 



 




 


 













   

 

 
 

   
 
 
 

  
   

  
  





(18) 

The state equation of seawater is [22]: 

0

1 T

( S ,T , )
( S ,T , p )

p K ( S ,T , p )


 


 (19) 

Where S  and T  are the salinity and temperature of sea 

water, TK  is the thermal diffusivity coefficient. 

The geopotential height was calculated by integrating 

the hydrostatic equation from sea bottom to a specific 

depth, and can be written as: 

   
   

, , , , 1

1b a

i j i j

p p

 





 
        (20) 

Where

 

  is the mean density and calculated by the 

following equation:

b A

d... ... u ... v ... g ...
w

dt t r cos r p p



   

   
   
    



Jalal Mofidi, Akbar Rashidi Ebrahim Hesari / Numerical Simulation of the Wind-Induced Current in the Caspian Sea 

70 

1

1

1
d

 



  







  (21) 

The pressure was calculated by the following 

equation: 

 A b Ap p p p   (22) 

In order to apply the hydrodynamic effects in the 

model, the Bottom pressure tendency equation is 

obtained by integrating the continuity equation from 

the sea surface to the sea bottom by the following 

equation:

 

 

1

0

1

0

1

cos

1

b
b A

a
b A

p
p p u d

t r

p
p p v d

r t










 












 
   
  


   
  





     (23) 

 

The terms including the velocity in the above relation 

are the hydrodynamic parts of pressure distribution. 

The finite difference method was employed for the 

numerical solution of model equations. The Lax-

Wendroff and Dufort-Frankel schemes were used for 

advection and diffusion terms respectively. The 

Dufort-Frankel scheme is unconditionally stable since 

the Courant-Friedrichs-Lewy stability condition must 

be satisfied for the Lax-Wendroff scheme [24]. The 

staggered modified Arakawa C grid was used for the 

spatial discretization in this model. 

2.2 Boundary Condition 

The No-slip condition was used at lateral boundaries 

that tangential and normal components of velocity were 

set to be zero as follows: 

 

 

0

0

u , , ,t

v , , ,t

  

  

 


 

n

n
(24) 

0

0

u( , , ,t )

v( , , ,t )

  

  

 


 

t

t
 (25) 

Where n and t  are the normal and tangential unit 

vectors. 

At the sea surface the corresponding boundary 

conditions are: 

Ap p (26)

, ,
ss

b A b A

g gu v

p p p p

  


   

     
   

      

A A
          (27) 

Fig.1. Comparison of numerical model predictions with 

analytical solution at the centre of the basin. 

Where s  and s  are the Sea surface frictional

stresses caused by the wind in the longitude and 

latitude directions and can be calculated by: 

   D 10 10 D 10 10, ,s s a ac u c v     V V (28) 

Where  10 10 10u ,vV is the wind velocity vector at 

10 meters above the sea surface, a is air density equal

1.3 kg m-3. DC is the drag coefficient and calculated by 

Wu method as follows [25]: 

  3 1

10 10

D

3 1

10

0 8 0 065 10 7 5

1 2875 10 7 5

. . . ms

c

. . ms

 

 

   





 

V V

V

  (29) 

At the sea bottom, the boundary condition can be 

written as: 

bp p       (30) 

, ,
bb

b A b A

g gu v

p p p p

  


   

     
   

      

A A
   (31) 

Where  b  and b  are bottom frictional stresses in

longitude and latitude directions respectively, and can 

be calculated by Nihoul's  method as follows [26]: 

b sm D    V V (32) 

Where b is the bottom friction,  V  is the mean flow

velocity, 070.m and 510211 D are two empirical

coefficients. 
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2.3 Numerical model validation and sensitivity 

analyses  

To prove the model accuracy and efficiency, a 

comparison of the model predictions with analytical 

solutions was performed for a standard case in a 

rectangular basin. This experiment was examined the 

vertical profile of horizontal velocity in a closed basin 

with a flat bed and with non-slip bottom condition.  

In this test case, the Coriolis effect and the horizontal 

diffusion and cross (y-direction) terms were neglected, 

leading to a balance between the gravitational force due 

to the surface elevation gradient, the vertical diffusion 

of momentum, and the surface wind stress and the 

bottom friction term in the momentum equation. The 

analytical solution for the horizontal velocity 

component in a well-mixed channel with a known 

constant vertical eddy viscosity coefficient is 

calculated by method introduced by Li and Zhan as 

follows [27]:  

  3 2

4

s
xz

v

h
u

A

  




 
    (33) 

Where 
h z

h








, u is the horizontal velocity, s

xz is 

the surface wind stress, vA is the vertical eddy 

viscosity,  is the surface elevation, h is the total water 

depth, z is the vertical coordinate which is equal to zero 

at the sea surface and equal to h at the sea bottom.  In 

the numerical simulations, the following parameters 

were used; 

h = 10 m, g = 9.8 m s-2,  = 1025 kg m-3, vA = 0.01 

m2 s-1; t = 5 s; f = 0. 

The test basin was rectangular, with an area of 2 km 

long × 2 km wide and depth of 10 m. the simulations 

were performed using 21 pressure Sigma vertical layers 

and with a square grid by size of 100 m in both 

longitude and latitude directions. For this test case two 

steady wind conditions were applied, where the wind 

stress was set to s
xz = 0·75 and s

xz = 1.5 N m2, 

respectively. The model was started with a zero 

velocity field and surface elevation and the simulation 

continued under constant wind stress. Comparisons of 

the model predictions with analytical solutions at the 

centre of the basin are shown in Fig. 1 where it can be 

seen that, as expected, the upper layer currents are in 

the wind direction whereas the lower layer currents are 

in the opposite direction, to maintain mass balance in 

the closed basin.  

The Mean Absolute Percentage Error (MAPE) was 

used to calculate error rates. MAPE usually expresses 

accuracy as a percentage, and is defined by the 

following relation: 

1

1
100

n

i i

i
i

A N
MAPE

n A



  (34) 

Where iA  is the analytical value and  iN  is the

numerical value. The comparison showed a 

discrepancy of approximately 10% between the 

numerical and analytical solution for wind stress 0.75 

and about 8% for wind stress 1.5 N m-2.  

The Root Mean Square (RMS) Error value between 

prediction and analytical solution was found to be very 

small. The calculated RMS values for the wind stress 

of 0.75 and 1.5 N m-2 were equal to 0.007 and 0.015, 

respectively. 

Several tests and sensitivity analysis were performed 

during the preparation of the model. The model was 

tested in a rectangular standard case study against the 

number of layers and cells, with and without Coriolis 

force, different depths, different vertical eddy 

viscosities, constant and variable amount of sigma. 

After achieving ideal conditions, the model was tested 

against actual bottom topography of the CS and 

different wind conditions.  By eliminating the model's 

instabilities sources, the final model was used to 

simulation of wind induced currents in the Caspian Sea. 

2.4 Model Inputs. 

In the numerical simulation, the number of layers in 

vertical direction is equal to 21, time step is equal to 5 

s, space step is equal to 0.125 degree, the number of 

points in longitude direction is 73 and in latitude 

directions is 97, salinity of sea water at the surface layer 

is equal to 20 ppt and sea surface temperature is equal 

to 25 co.  The other model parameters in the numerical 

simulations were: Horizontal eddy viscosity = 102 m2 s-

1, Vertical eddy viscosity = 10-2 m2 s-1, Air pressure = 

101300 pa, Earth radius = 6370949 m and earth angular 

velocity = 7.2921 ×10-5 rad s-1. 

2.4.1 Bathymetry data 

Fig. 2 shows the bottom topography of the CS. The 

model uses bathymetric data obtained from the General 

Bathymetric Chart of the Oceans (GEBCO) datasets. 

The minimum depth in the model is 3 m in the NCB, 

and a maximum depth of 1025 m occurs in the SCB. 

The grid resolution of the model is equal to 0 125o.  in

both latitude and longitude directions. The model grid 

area covers the entire CS from 36o to 48o N and 46o to 

55o E.  



Jalal Mofidi, Akbar Rashidi Ebrahim Hesari / Numerical Simulation of the Wind-Induced Current in the Caspian Sea 

72 

 

Fig.2. Bottom topography of the Caspian Sea (depths in 

meters). 

2.4.2 Wind. 

The spatiotemporally varying wind data in 10 meters 

height above the sea surface available from the 

European Centre for Medium-Range Weather 

Forecasts reanalysis (ECMWF ERA15) dataset for 

1982, was utilized in the model. The substantial 

agreement is observed between these data and the 

climatologic winds measurements made at ships and 72 

coastal meteorological stations [3]. The wind data time 

step is 24 hours (daily) and the data resolution is 

0 125o. both in latitude and longitude directions. Fig. 3 

shows Monthly mean wind velocity vectors computed 

based on the ECMWF ERA15 data set in 1982. The 

monthly mean wind speed is typically between 3-6 m 

s-1 during the selected year with a maximum of 5.8 m s-

1 in June and a minimum of 3.2 m s-1 in December. The

strongest winds occur in the SCB during February till

November. In most months of the year, the north-

northeast ward winds prevail in the NCB, and the

southeast and southwest ward winds prevail in the

MCB, Also, the south-southwest ward winds are

dominated throughout the year in the SCB.

3. Result
The annual mean surface currents are computed based

on the model results are shown in Fig. 4. They are

generally found to be weak, with maximum values of

about 5 cm s-1 in shallow water areas in the NCB and

near the eastern coast of the SCB, as has also been

noted numerically by Korotenko et al. and Ibraev et al.,

as well [14, 28]. Although surface currents driven by

daily winds demonstrate significant variability, this is

not reflected in the annual averaged circulation.

According to Fig.4, an anticyclonic gyre almost

entirely covered the MCB, also a sub-basin scale

anticyclonic gyre is found in the SCB.

The Fig.5 shows the monthly averaged surface currents

in the CS. In most month of the year, the east and

northeast ward surface currents dominated in the NCB.

The wind direction changes during February (Fig.3)

and May (not shown), resulting change in current

direction to become southeast and southwest ward

respectively.

Fig.3. Monthly mean wind velocity vectors based on the ECMWF ERA15 data set.
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Fig.4. Annual mean surface current (m s-1) in the Caspian sea 

The circulation pattern in the eastern coast of the MBC 

can be divided into two periods (Fig.5): a) February-

July when the southeast ward surface current resulting 

in an offshore transport of water mass and upwelling 

along these coasts, as has also been noted by Kosarev 

and Yablonskaya; Terziev et al.; Kara et al. and Ibrayev 

et al. [3-6]. b) August-January when the wind direction 

gradually changes cause a clockwise rotation in surface 

current to become northwest ward, resulting in onshore 

transport of water mass and downwelling along these 

coasts. This effect was also noted by Lednev and 

Ibrayev et al. [4, 29]. Also, there are found a divergence 

of surface currents over the deep water of MCB in most 

months of the year and an anticyclonic eddy in 

February which extended from surface to subsurface. 

An anticyclonic eddy and its adjacent currents are 

diverged in deeper regions of the SCB and establish a 

counter clockwise alongshore current near the western 

coasts and an eddy extended from surface to 

subsurface. An anticyclonic eddy and its adjacent 

currents are diverged in deeper regions of the SCB and 

establish a counter clockwise alongshore current near 

the western coasts and an eddy in the middle part of the 

basin all year round. The surface currents are very 

sensitive to change of wind direction and speed near the 

eastern coasts of the SCB due to the vast continental 

shelf of this area. The maximum of surface current 

velocities in the SCB usually take place near this coast. 

In most month of the year, the south and southwest 

ward surface currents dominated in this area, and 

change of wind direction to southeast ward during 

April to July resulting in change the direction of the 

surface current to become southeast ward.  

The monthly averaged currents in subsurface layers in 

February are shown in Fig. 6. The maximum of 

monthly mean velocity of the surface and subsurface 

currents take place in the NCB in February. The depths 

of these areas are less than 10 m. By increase the depth 

the direction of southeast ward surface currents in the 

NCB changes to the northwest ward and the maximum 

of current velocity are reduced from 14.2 to 2.32 cms-1 

on the fifth layer of sigma coordinates. The directions 

of currents in the next layers are in the northwest ward 

and the maximum of current velocity increases in the 

eighth layer to 5 cm s-1 due to the low depth of this area 

and changing the direction of current to compensate 

offshore currents at the surface. The maximum of 

current velocity decreases in the tenth layer to 1.78 cm 

s-1 due to the influence of bottom friction.

In the MCB, the anticyclonic eddy continues until the

third layer and as the depth increases, the currents

becomes to the northwest ward. The south and

southeast ward along shore currents near the eastern

coasts of MCB rotate clockwise by increasing the

depth. They are completely in the opposite direction of

surface current on the fifth layer to compensate the

offshore transport of water mass on the surface layer.
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Fig.5. Monthly means surface currents (m s-1) in the Caspian Sea. 
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Fig.6. Monthly means currents in February for layers 4, 7 and 10 in pressure Sigma Coordinate. 

The anticyclonic eddy over the deep water of SCB 

extended from surface to subsurface until the fifth 

layer. Near the western and eastern coasts of the SCB, 

the southwest ward surface current varies clockwise by 

increasing the depth and flowing to the northeast ward 

on the sixth layer of sigma. 

As shown in Fig. 6, the currents in the layer near the 

sea bottom (layer 10) are converged together into deep 

regions of the MCB and SCB. The divergences in the 

surface Ekman layer are balanced by the convergences 

in the bottom Ekman layer. The divergence and 

convergence of currents of the SCB are more stable in  

 terms of location and intensity against than the 

divergence and convergence of the MCB, which is the 

result of the SCB's steeper bed slope. 

4. Conclusion
The study aims at reproducing mean values of wind-

driven currents of the CS. Monthly mean values of

current speed are more important for predicting the

transport of pollution compared to currents occurring at

extreme storm conditions. A 3-dimensional primitive

equation model is presented to simulate monthly

variability of the CS circulation. Due to the vast and

shallow coastal waters and deep interior regions, a

numerical model with convenient vertical coordinate

systems is required to simulation wind driven current

in the CS. In this study, this is accomplished by using a

sigma-pressure Coordinate system. This simulation

reveals fundamental features of the CS circulation as

upwelling along the eastern coast and an anticyclonic

eddy in both SCB and MCB.

The surface current must be theoretically aligned 45o

clockwise from the wind direction in the northern

hemisphere, while the angle between the directions of

surface current and wind is very small in the shallow

water areas of the CS due to the large effects of bottom

friction. In these areas the circulation pattern is very

sensitive to the wind direction and speed. In the CS 

deep waters the direction of the surface currents are 

changing continuously by the Coriolis force, and 

establish a number of eddies in the MCB and SCB. The 

anticyclonic eddy is the permanent feature of the SCB 

and is more stable against to the circulation patterns in 

the NCB and MCB, as a result of more depth and 

steeper bed slop of the SCB. This feature is in 

agreement with Peeters et al. [30], who explained 

enhanced the vertical stability of the SCB, according to 

the buoyancy frequency.  

The simulation of circulation pattern in the CS 

demonstrates that a divergence in the surface Ekman 

layer is balanced by a convergence in the frictional 

Ekman layer near the sea bottom in both the SCB and 

MCB. These effects show the bottom topographic 

features have an important role in steering currents in 

the CS, as also has been noted by Ghaffari et al. [31]. 

Comparison of the results of this simulation with the 

previous numerical studies shows that this model is 

capable to simulation circulation pattern in a basin with 

complex bottom topography and spatio-temporal 

variable wind. Also, by increasing the resolution of the 

depth and wind data can be more accurately simulate 

wind-driven currents in the CS. 
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